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Abstract. In this paper wc arc interested in propagation plienomena for non- 
local reaction-diffusion equations of the type: 

— = J ^,u-u + f{x,u) teM, xeR'^, 
dt 

where J is a probability density and / is a KPP nonlinearity periodic in the x- 
variables. Under suitable assumptions we establish the existence of pulsating 
fronts describing the invasion of the state by an heterogeneous state. We 
also give a variational characterization of the minimal speed of such pulsating 
fronts and exponential bounds on the asymptotic behaviour of the solution. 
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1. Introduction 

In this paper we are interested in propagation phenomena for nonlocal reaction- 
diffusion equations of the type: 

(1.1) = J*u-u + f(x,u) <gK, xgM^, 

where J is a probability density and / is a nonlinearity which is KPP in u and 
periodic in the x-variables, that is, 

fix, u) ^ f{x + k,u) Vx e R^, fc e Z^, u G M. 

More precisely, we are interested in the existence/non-existence and the character- 
ization of front type solutions called pulsating fronts. A pulsating front connecting 
2 stationary periodic solutions po,pi of (|1.1[) is an entire solution that has the form 
u{x,t) := tl){x ■ e + ct,x) where e is a unit vector in M^, c e M, and ip{s,x) is 
periodic in the x variable, and such that 

lim ipisjx) ^ po{x) uniformly in x 

s— > — oo 

lim tp{s,x) — pi(x) uniformly in .T. 

The real number c is called the effective speed of the pulsating front. 

Using an equivalent definition, pulsating fronts were first defined and used by 
Shigesada, Kawasaki and Tcramoto [SSI HI] in their study of biological invasions in 
a heterogeneous environment modelled by the following reaction diffusion equation 

(1.2) ^ " ^ ■ (^(^)^") + /(^' in M+ X R^, 
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where A{x) and f{x, u) are respectively a periodic smooth eUiptic matrix and a 
smooth periodic function. Using heuristics and numerical simulations, in a one 
dimensional situation and for the particular nonlincarity f{x,u) := u{r]{x) — fJ.u), 
Shigesada, Kawasaki and Tcramoto were able to recover earlier results on the min- 
imal speed of spreading obtained by probabilistic methods by Freidlin and Gartner 



The above definition of pulsating front has been introduced by Xin [62l [63] in his 
study of flame propagation. This definition is a natural extension of the definition of 
the sheared travelling fronts studied for example in [Tni[TT]. Within this framework, 
Xin (62t,63 has proved existence and uniqueness up to translation of pulsating fronts 
for equation ()1.2p with a homogeneous bistable or ignition non-linearity. Since then, 
much attention has been drawn to the study of periodic reaction-diffusion equations 
and the existence and the uniqueness of pulsating front have been proved in various 
situations, see for example [SlUlinilMllMlliniSIlllZllSIllSllMllMl- In particular, 
Berestycki, Hamel and Roqucs [8j |9] have showed that when f{x,u) is of KPP 
type, then the existence of a unique non trivial stationary solution p{x) to (|1.2|) is 
governed by the sign of the periodic principal eigenvalue of the following spectral 
problem 



Furthermore, they have showed that there exists a critical speed c* so that a pul- 
sating front with speed c > c* in the direction e connecting the two equilibria 
and p{x) exists and no pulsating front with speed c < c* exists. They also 
gave a precise characterisation of c* in terms of some periodic principal eigenvalue. 
Versions of (jl.2p with periodicity in time, or more general media are studied in 
[SlEllIlllHlEOllIIllSaiMlESllee]. it is worth noticing that when the matrix A and 
/ are homogeneous, then the equation (|1.2p reduces to a classical reaction diffusion 
equation with constant coefficients and the pulsating front (ip, c) is indeed a travel- 
ling front which have been well studied since the pioneering works of Kolmogorov, 
Petrovskii and Piskunov [44] . 

Here we are concerned with a nonlocal version of (|1.2p where the classical local 
diffusion operator V • (^(a;) Vu) is replaced by the integral operator J *u — u. The 
introduction of such type of long range interaction finds its justification in many 
problems ranging from micro- magnetism [26l [27l [28] , neural network [31] to ecology 
[l6] [T9l [29] [45] 149] [60] . For example, in some population dynamic models, such 
long range interaction is used to model the dispersal of individuals through their 
environment, [SUMlIll]- Regarding equation ^fj^ we quote [T][^[T5 1 [ ^ [ ^ [ ^ [^ 
for the existence and characterisation of travelling fronts for this equation with 
homogenous nonlincarity and [3] [22l [24l [36l [42] for the study of the stationary 
problem. 

In what follows, we assume that J : ^ M satisfies 



[341135]. 



V • (A(a;)V0) + fu{x, 0)(j} + Xp<P = 0. 



(1.3) 
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(1.4) 



and that / : x [0, oo) — > R is [0, 1] ^-periodic in x and satisfies: 

feC^{R^ X [0,oo)), 

/(•,o) = o, 

f{x,u)/u is decreasing with respect to u on (0,+oo), 
there exists M > such that /(x, m) < for aU u > M and aU x. 
The model example is 

f{x, u) = u{a{x) — u) 
where a(x) is a periodic, C'^ function. 

Before constructing pulsating fronts, wc discuss the existence of solutions of the 
stationary equation 

(1.5) J *u-u + f{x,u) =0 xeM.^. 

Under the assumption (|1.4p . is a solution of (|1.5p and, as shown in [22], the 
existence of a positive periodic stationary solution p{x) is characterized by the sign 
of a generalized principal eigenvalue of the linearisation of (|1.5|) around 0, defined 

by 
(1.6) 

fio = sup{ ^ e M I 30 e Cper(ffi^), > 0, such that J * - </) + /„(a;, 0)0 + fJ-c/) <0} 

where Cper(K^) is the space of continuous periodic functions in R^. 
More precisely, we have 

Theorem 1.1. The stationary equation (jl.Sp has a positive continuous periodic 
solution p{x) if and only if fiQ < 0. Moreover the positive solution is Lipschitz and 
unique in the class of positive bounded periodic function. 

This result is analogous to the characterization of stationary positive solutions 
of the differential equation (jl.2|) with / of type KPP in u. The main difference is 
that Ho is not always an eigenvalue, that is, the supremum in ()1.6|) is not always 
achieved. Similar results for ()1.5|) , but assuming that hq is an eigenvalue and for the 
one-dimensional case (i.e N = 1) , have been obtained in [31 [53]. In this particular 
situation, the uniqueness of the positive solution of (|1.5p in the class of bounded 
measurable functions has been proved in [24] . For the multidimensional case, the 
existence and uniqueness of a stationary solution in the class of periodic functions 
has been obtained by Shen and Zhang [5^ assuming that fxo is eigenvalue and by 
Coville [H] without this assumption. The difference of Theorem 1 1.1 1 and [35] is that 
we obtain a Lipschitz continuous solution. 

The question whether /ig is really a principal eigenvalue, that is, if there exists 
e Cper(IR^), > such that 

(1.7) J*(l)-(j> + fu{x,0)(j) + fio(t> = inR^ 

has been studied in [22[ 156] where simple criteria on /„(x, 0) have been derived 
to ensure the existence of a principal eigenfunction 0. For instance, the following 
criterion proposed in |22j 

/ "i 7"7 — 7W = +°^' where A = max /^(x, 0), 

J[o,i]" ^- /«(a;,0) xGR" 

guarantees that fj,o is a principal eigenvalue. Some properties of /io and the existence 
criteria will be discussed in Section |3j 
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Our main result on pulsating fronts is the following: 

Theorem 1.2. Assume fiQ < and that there exists (j) G Cper{"^^), (f) > satisfying 
(|1.7p . Then, given any unit vector e € there is a number c* > such that for 
c > cl (|l.ip has a pulsating front solution u{x,t) = Tjj{x.e + ct,x) with effective 
speed c, and for c < c^ there is no such solution. 

The minimal speed c* is given by 

where fi\ is the periodic principal eigenvalue of the following problem 

(1.9) Jx*4>-(l3 + fu{x,0)4> + ^i(|3 = inM^ 

with Jx{x) := J{x)e^^ '^. We will see in Section [3] that this eigenvalue problem is 
solvable under the assumptions of Theorem 11.21 

Shen and Zhang showed in |56j that c* corresponds to the speed of spreading for 
this equation in the following sense. For reasonable initial conditions, the solution 
of (jl.ip satisfies 

limsup sup u{x,t) = if c > c*, 

t^+oc x-e+ct<Q 

while 

liminf inf {u{x,t) ~ p{x)) ^ if c<c*. 

t— >+oo x-e+ct>0 

The nonexistence statement in Theorem ll.2l is a consequence of the these spreading 
speed results. Along our analysis, we also obtain some asymptotic behaviour of 
ip{s,x) as s — !• ztoo where ip is the pulsating front constructed in Theorem 11.21 
More precisely, let A(c) denote the smallest positive A such that c = —x^- 

Theorem 1.3. Assume fiQ < and that there exists <f> € CperO^^), (f> > satisfying 
(|1.7p . Then, given any unit vector e G and c > c* we have 

a) For any positive A so that A < A(c) there exist C > such that 

ip{s, x) < Ce^' Vx e M^, Vs e R. 

b ) There is a,C > such that 

< p{x) - i'{s, x) < Ce-"' \/x e R^, Vs > 0. 

Equation (jl.ip can be related to a class of problems studied by Weinberger 
in [61]. However, as observed in [23j [56], one of the main difficulties in dealing 
with the nonlocal equation (jl.ip comes from the lack of regularizing effect of (|l.ip , 
which makes the framework developed by Weinberger not applicable, since the 
compactness assumption required in [61) does not hold. 

Another difficulty in the construction of pulsating fronts is that the equation sat- 
isfied by the function ip (see (|2.ip below) involves an integral operator in time and 
space, which is in some sense degenerate. This difficulty also appears in the classi- 
cal reaction diffusion case, and it becomes delicate to proceed using the standard 
approaches used in [TOl [TTJ [44] . 

Finally, we comment on some of the hypotheses made in the construction. Re- 
garding smoothness of the data, one can deal with less regularity of J and /, but 
some arguments would have to be modified. The hypothesis on the support of J 
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in (jl.Sp can be weakened. For example, we believe that the same results are true 
assuming that J satisfies the so called Mollison condition: 

VA>0, / J(z)e^l^l < +00. 

Finally, the hypothesis that /ig is an eigenvalue seems crucial in our approach. It 
is an interesting open problem to understand whether some type of pulsating front 
exists in the case where /Iq is not an eigenvalue. We believe that if such solutions 
exist, they will be qualitatively different from the ones constructed in Theorem 1 1.2 1 
See also Remark 13.111 for other observations on this hypothesis. 

In the preparation of this work, we were informed of a very recent work of Shen 
and Zhang [57] done independently dealing with the existence and properties of 
pulsating front for a nonlocal equation like (|1.1|) . The construction of pulsating 
front proposed by Shen and Zhang relies on a completely different method and an- 
other definition of pulsating front. With their method, they are able to construct 
bounded measurable pulsating fronts for any speed c > c * (e) but fail to construct 
pulsating front for the critical speeds c* (e) due to the lack of good Lipschitz regular- 
ity estimates on the fronts. Some additional properties, such as exact exponential 
behaviour as t — >■ —oo, uniqueness of the profile in a appropriate class and some 
kind of stability of the front are also studied in this work. The main differences 
between the results obtained by Shen and Zhang and ours concern essentially the 
regularity of the fronts. Whereas they obtained bounded measurable front, we ob- 
tained uniform Lipschitz front which is a significant part of our work. We also 
have the feeling that our approach is more robust, in the sense that it does not 
strongly rely on the KPP structure and can be adapted to other situations such as 
a monostable or ignition nonlinearity which seems not be the case for the method 
used in [5 7) . We have in mind a problem like 

ot Jrn \g{x)g[y)J 

where / is monostable nonlinearity, J a smooth probability density and g a contin- 
uous positive periodic function. It is worth noticing that in [S7] , the existence of a 
principal eigenvalue for (|1.7p is also a crucial hypothesis. 



2. Scheme of the construction 

The proof of Theorem 1 1.1 1 is contained in Section[5l and follows by now standard 
arguments. 

To construct a pulsating front solution u of p.ip in the direction — e with effective 
speed c connecting and a positive periodic stationary solution p, we let ipis, x) = 
u (^^=^,cc). Then we need to find -0 satisfying 

' cV', Af [V'] - t/- + f{x, ?/>) Vs G R, xe 
tp{s,x + k) ^i}{s,x) Vs eR, X eR^, k eZ^, 
^^■"'^■^ * lim ■(/;(s,x)=0 uniformly in x, 

s— > — oo 

lim ip(s,x) = p{x) uniformly in x, 
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where M is the integral operator 

M[V'](s, x)= 1 J{x- y)'ip{s + (y - x) • e, y) dy. 



To analyse (j2.ip wc introduce a regularized problem, namely, we consider for 
e > 

(2.2) ci^s = M[i)] - iA + /(x, V) + eAi/; Vs G M, a; e 

where A is the Laplacian with respect to the x variables. The stationary version 
of this equation is a perturbation of (jl.Sp : 

(2.3) 0= J*u-it + /(a;,u) + eAu x e R^. 

We will see in Section[5]that under the assumption that (|1.5|) has a positive periodic 
continuous solution p, for small e > the equation (j2.3p also has a stationary 
positive solution and Pe ^ P uniformly as e ^ 0. 

As a step to prove Theorem 11.21 for small e > wc will find c* (e) such that for 
c > c* (e) there exists a solution tp^ to (|2.2p satisfying 

{lim ^/;(s, x) = 
s— > — oo 
lim -0(5, x) = ^^(x) 
s— )- + oo 
V'(s,a;) is increasing in s and periodic in x, 

This is done in Section |6l following in part the methods developed in [9] . 

A substantial part of this article is devoted to obtain estimates for that will 
allow us to prove that t/j ~ lim^^o '/'e exists and solves (|2.1|) . These estimates are 
based on the expected exponential decay of ■0 as s — >■ — oo, which we discuss next. 
Suppose ip is a solution of (|2.ip . One may expect that for some A > 

ipis, x) = e^^wix) + o{e^'') as s -> -oo, x eR^ 

where w is a positive periodic function, at least when c > c*. Then at main order 
the equation in (|2.ip yields 



(2.5) cXw^ J{x -y)e^^y-'''>-''w{y)dy ~w + fuix,0)w 
Define 

Mx) = J(x)e-^^'= 
then (j2.5p can be written as the periodic eigenvalue problem 
J J\ * w — w + fu{x, 0)w + n\w = in 



(2.6) 



w > is continuous and periodic. 



which will be studied in Section [3l In particular, under the assumptions of Theo- 
rem II. 2| we will see that it has a principal eigenvalue fi\ in the space of continu- 
ous periodic functions. Then the speed of the travelling front should be given by 
c = — ^ , and this leads to the formula for the minimal speed (|1.8I) . 

For the solutions of (|2.2p and (|2.4p on can guess a similar asymptotic behaviour 
as s — > — oo and a formula for the minimal speed 

(2.7) c:(e) = min(-^) 



PULSATING FRONTS FOR NONLOCAL DISPERSION AND KPP NONLINEARITY 7 



where He^x is the principal eigenvalue of —Le,\ where 

L^^xw = eAw + Jxw - w + 0)w 

in the space of periodic functions. 

Based on the estimates developed in Section [7] for the operator L^ xu, we prove 
in Section [8] exponential bounds of the form: for < A < Ae(c) 

(2.8) ?/'e(s,x)<Ce^" Vx-eR^ Vs G M 

where \e{c) is the smallest positive A such that c = ^-nd C docs not depend 

on e > 0. This exponential bound is obtained by studying the two sided Laplace 
transform of T/^e, an idea present in |17j . 

The exponential estimate (|2.8p allows us in Section [9] to obtain uniform control 
of local Sobolev norms ll^'elivyi p with p > N, which in turn implies that we obtain 
a locally uniform limit -0 — lime_>o ipe for sonic subsequence. The final step is to 
verify that iJj satisfies all the requirements in (|2.1|) . 

3. Principal eigenvalue for non-local operators 

Let us recall the notation 

Cper(K") = {0 e C(R") I is [0, 1]^ - periodic}. 

For the rest of the article it is crucial to understand the eigenvalue problem (|2.6p . 
and the purpose of this section is to study its properties. We will write (|2.6p in the 
form 

f La0 + U<I>^0 in R^ 
(3 1) < 

1 e Cpe.(R'^), > 

where 

Lxw = Jx * w + a{x)w 

and a(x) = fu{x, 0) - 1 € Cper(M^). 

Wc say that Lx has a principal cigcnfunction if for some /i G R there is a solution 

in Cper(R^) of (1^ . 

As we will see later, it is not true in general that Lx has a principal eigenfunction, 
but it is convenient to define in all cases 

(3.2) ^ix = sup{ e K I e Cper(IR^), > 0, such that Lx(f> + ^J.(|) < 0} 

and call it the generalized principal eigenvalue of ^Lx- The name is motivated by 
the following result. 

Proposition 3.1. Let A G R. If there is yU G R, G Cper(K^), (f> >0 and nontrivial 
satisfying Lx4> + ^J■4' = 0? then ^ is given by l|3.2p and it is simple eigenvalue of Lx. 

The proof of this is a direct adaptation of Lemma 3.2 in [22] . 

The next proposition characterizes the existence of a principal eigenfunction. 

Proposition 3.2. If a G Cper(IR^), then ma.xa{x) + i-ix < 0. Moreover, maxa(x) + 
j-ix < i/ and only if Lx admits a principal eigenfunction. 

For the proof of the above result and the following two (Proposition 13.31 and 
Corollarv l3.4|) sec later in this section. 

Proposition 3.3. The function ~/iA is convex in R and even. In particular, —pLx 
is nondecreasing in [0,oo) and nonincreasing in (— oo,0]. 
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Corollary 3.4. // Lq has a principal eigenfunction then for all A G M, has a 

principal eigenfunction. 

In general it is difficult to describe precisely in terms of J and a whether Lx has 
a principal eigenfunction, but we have sufficient and necessary conditions. 

Proposition 3.5. Assume a G CperO^^) and let A := maxjg^N a(x). There are 
constants C'i,C2,m > that depend on J\ such that: 



then L\ has no principal eigenfunction. 

We give the proof of this Proposition later on inside this section. 
Finally, we need the next proposition to show that the formula (|1.8p is well 
defined and gives a positive number. 

Proposition 3.6. The function X i-^ fix is continuous and for all e > there exists 
(7 > such that 



The above Proposition is proved later on inside this section. 

Remark 3.7. Many of the previous results have appeared in similar contexts, or 
have been proved under slightly different conditions. Existence of a principal eigen- 
function was obtained for symmetric non-local operators in [42], and later also in 
[U \22\ 1241 156j . A condition like p.3p is always explicitly or implicitly assumed in 
these works. The motivation for definition p.2|) is taken from |12j . It has been 
adapted to many elliptic operators, and was first introduced for non-local operators 
in |22| . In this work the author obtained many of the results described here for an 
integral operator on a domain in M^. A characterization like Provosition \3.2\ for fix 
was first obtained in [22] . The convexity of — /ia,. Provosition \3.Sl is proved in |56| 
under the assumption that a principal eigenfunction exists. Examples of non-local 
operators with no principal eigenvalue are also presented in [221 156j . 

The rest of this section is devoted to prove Propositions 13.21 13.31 Corollary 13.41 
and Propositions 13.51 and 13.61 We start with some basic facts about the definition 
p.2p . The following results are simple adaptations from results found in [52]. 

Proposition 3.8. (Proposition 1.1 [22]; Given a e Cper(K^), and J : R, 
J > m Li(R") define 

fip{J, a) = sup{/i G R|E1(/) G Cper(R^), > 0, such that J * (j) + a4> + ficj) < Q} , 

Then the following hold: 

(i) // ai > 02, then 



a) if 



(3.3) 






fip{J,a2) > fJ.p{J,ai). 
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(ii) // Ji > J2 then 

lJ-p{J2,a) > ^p(Ji,a). 

(iii) fip{J,a) is Lipschitz in a, more precisely 

\fip{J,ai) - /ip(J,a2)| < ||ai - a2||oo- 

To prove Proposition 13.51 we will need a generalization of the Krein-Rutman 
theorem |46| for positive not necessarily compact operators due to Edmunds, Potter 
and Stuart [30]. For this we recall some definitions. A cone in a real Banach space 
X is a non-empty closed set K such that for all x,y € K and all a > one has 
X + ay £ K, and ii x € K, —x G K then x = 0. A cone K is called reproducing 
\i X ^ K — K . A cone K induces a partial ordering in X by the relation x < y \i 
and only ii x — y £ K . A linear map or operator T : X X is called positive if 
r(A') C K. 

If T : A ^> A is a bounded linear map on a complex Banach space X, its essential 
spectrum (according to Browder jlj] ) consists of those A in the spectrum of T such 
that at least one of the following conditions holds : (1) the range oi XI — T is not 
closed, (2) A is a limit point of the spectrum of T, (3) U^]^fcer(A/ — T)" is infinite 
dimensional. The radius of the essential spectrum of T, denoted by re(T), is the 
largest value of |A| with A in the essential spectrum of T. For more properties of 
re(r) see [54]. 

Theorem 3.9. (Edmunds, Potter, Stuart [30j ) Let K be a reproducing cone in a 
real Banach space X, and let T G C{X) be a positive operator such that T™{u) > cu 
for some u £ K with \\u\\ = 1, some positive integer m and some positive number 
c. If c}/"^ > re{T), then T has an eigenvector v G K with associated eigenvalue 
p > c^/™. and T* has an eigenvector v* <E K* corresponding to the eigenvalue p. 

If the cone K has nonempty interior and T is strongly positive, i.e. u > 0, u 7^ 
implies Tu S int{K), then p is the unique A € R for which there exist nontrivial 
V G K such that Tv = Xv and p is simple, see [65] . 

Proof of Proposition 13. 5L 

a) Write the eigenvalue problem p.ip in the form 

Ja * M + b{x)u ~ vu 

where 

b(x) = a{x) + k, V = — /i + k 
and fc > is a constant such that inf 6 > 0. Sometimes we will use the operator 
notation Ja[0] = J\* (f). Wc study this eigenvalue problem in the space Cper(IR^) 
with uniform norm, where the operator J\ is compact. Let u £ Cper(IR^), m > 
and m G N . Since u and b are non-negative and J\ is a positive operator, we see 
that 

(3.4) (Ja + b[x)r[u] > J^[u] + b{xru 

We observe that there are m and d > depending on J such that for u G Cpcr(]R^), 
u>0, 

JTM>d 

Indeed, 
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where denotes the m-fold convohition Jx* . . .* Jx- Let Bj^,{xq) with i? > be 
such that Jx{x) > for points x G B]i{xo). Then Jx * Jx{x) > for x G B2r{2xq). 
Iterating this argument we get J^\x) > for x G BmR{mxo)- We choose now 
m large so that B^Rirnxo) contains some closed cube Q with vertices in Z^. Let 
d = inf^gQ J'r\x) > 0. Then, for u G Cper(K^), u>0, 

JT[u]ix)= f J^^'\x-y)u{y)dy> f 4^\z)u{x ~ z) dz 



> d u{x — z) dz ^ u, 
Jq "'[0,1]" 

since u is [0, 1] ^-periodic. 

Let e > and define the continuous periodic positive function 

1 



Me (a;) 



max 6™ — 6(x)™ + e 

We claim that choosing e and Ci in p.3p appropriately there is (5 > such that 
(3.5) J^u^ + 6(x)"ue > (max5 + S)"'u^ in M^. 

Indeed, taking Ci large in (|3.3p and then e > small, we have 

; ^-TT-. dx > 1. 

[o_i]iv maxo™ — o(x)™ +e 

Then to prove p.Sp it is sufficient to have 

(maxb + ^)--b(a;)" .^^^^ 
max 6™ — 6(x)™ + £ 

This last condition holds provided we take 6 sufficiently small. Therefore, by p.4p 
and (|3.5p we have 

(Ja +6(a;))™[u,] > (max 6 + (S)"we. 
Using the compactness of the operator Jx, we have r^^Jx + ^(2;)) = max^-gRW 6(x), 
and by Theorem l3.9l we obtain the desired conclusion. We observe that the principal 
eigenvalue is simple since the cone of positive periodic functions has non-empty 
interior and, for a sufficiently large p, the operator {Jx + b)P is strongly positive. 
Any point v in the spectrum of {Jx + b) with > r^iJx + b) is isolated, see [TS]. 
In particular the principal eigenvalue is an isolated point in the spectrum. 

b) As before, without loss of generality we can assume a > 0. Suppose there 
exists a principal periodic eigenfunction cj) with eigenvalue ^. Then maxa(a;) + /i < 
0. Let C = [0, 1]^ and note that 



Jx*Hx)= [ J{x-y)e^^''-y>''(l){y)dy ^ [ V J{x - z - k)e^'^^-''-^^-''(l){z) dz 
Jr" Jc ^^^^ 

<(/(/)) sup V J{x -z- /s)e^(^-^-'^)-" 
Jc x.,zec , 



But then 



-(a(a;) +m) Jc 



x) < — -r~r\ \( / ^^P 7 ^(•'^ — z — k)e 
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Integrating the above inequality we obtain 

[ c^< f —-^—-dx- Z^- sup V J(.T-2-fc)e^(-— ^■)-, 



and hence 



1< / zdx- sup y J{x~ z~k)e^^''-'-^^-''. 

Since fi < — maxa(-) 

1< / 7^ —:dx- sup y J(x - z - fc)e^(^-"-'=)- 

Jc maxa(-) - a{x) x,2eC^^„ 

Let 

M = sup Jix-z- fc)e^(^-"~'=)■^ 

If 

M I 7^^ dx <l 



Cper(lR^) such that maxa = maxae, \\a — ae||tx) — > as e — >■ 0, and 

■ dx = +00. 



C maxa(-) — a(x) 

there can not exist a principal eigenfunction. □ 

Proof of Proposition [3.2l From the definition we obtain directly maxa{x)+^\ < 
for all A G M. If there exists a principal eigenfunction € Cper(K^), then clearly 
niaxa(a:) + ^\ < 0. 

Now suppose that maxa(a;) + fj,\ < 0. We approximate a by functions S 

per ( 

(3.6) [ 

J[o.i]" maxa^ — ae[x) 

Then, by Proposition [33] there exists a positive, periodic 0^, with H^eHcc = 1, such 
that 

Jx*(j)e + {a.ix) + ^|)0e = 0, in M^. 
Since by Proposition 13.81 /i^ — > /iA, there exists 5 > such that a^^x) + < ~S 
for all a; and e. Therefore, by a simple compactness argument, we have that (jj^ ^ (t> 
uniformly as e — ^ 0, with (f) positive satisfying (|4.ip . which concludes the proof. 

□ 

Remark 3.10. If L\ has a principal eigenfunction (f> G Cper (IR^), and additionally 
a G , k > 1 and J is , then (j) is also , which follows from 

Jx(f) = (-^A - a)4> 

and —fix — a > S for some S > 0. 

Proof of Proposition 13. 3i To prove this result, we will first suppose that a 
satisfies (|3.6p . and then we proceed by an approximation argument. We will prove 
the convexity using an idea from |56]. Let Ai, A2 G M, and t G (0, 1). If a satisfies 
(|3.6p then by Proposition 13.51 there exists 0i , 02 positive solutions of p.ip , with 
corresponding eigenvalues ^i,/i2, for Ai,A2 respectively. Consider (j) = (j)\(j)2~* ■ 
Then by Holder's inequality we have that 
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Using the inequality above and that 0i and 02 are solutions of (|3.1|) we obtain that 
Jx*(j,< ({~a{x) - ^i)0i)*((-a(a;) - M2)</'2)'~* = {~a{x) - piif{-a{x) - M2)'"V 
and then using Young's inequality we obtain that 

J\*(t>< {t{-a{x) ~ fii) + (1 - t){~a{x) - /X2))0 = (-a(x) + tfii + (1 - 0^^2)0, 
from where 

MtAi + (l-t)A2 > ^A'l + (1 - ^)/^2, 

which gives the convexity. 

To conclude when p.6p does not hold, we just approximate a by satisfying 
p.6p and — >■ a uniformly in M^. Then the result follows by Proposition 13.81 (iii). 

Finally, we claim that the function fi\ is even. Indeed, suppose first fi\ is the 
principal eigenvalue of Lx, so fi\ + maxa(x) < 0. Considering Lx in the space 
of Lf^^{R^) periodic functions, we have that L_a is its adjoint, and therefore fi\ 
is in the spectrum of I/_a- Using nx + maxa(a;) < it is easy to see that fix is 
the principal eigenvalue of L_a- In the case Lx has no principal eigenfunction, we 
directly deduce /za = l^-x- 

Since —fix is even and convex, we obtain, that /i is nondecreasing in (0, oo) and 
noincreasing in (—00,0). □ 

Proof of Proposition 13.61 For the continuity oi X jix we argue as follows. 
Suppose first that a satisfies p.6|) and Aj Xoc It is easy to see that /ixj is 
bounded, so up to a subsequence fiXj fJ- Let (f)j G Cper(R^) be the principal 
eigenfunction associated with fix^ (j = 1,2,...) normalized so that ||0j||ioo = 1. 
Since /i + max a < 0, we have fixj + max a < —d < for some S > and all j large. 
Then from 

we obtain compactness to say that for a subsequence (f>j converges uniformly to a 
nontrivial, nonnegative function e Cper(^^) satisfying the eigenvalue problem 

Because of the uniqueness of the principal eigenvalue. Proposition 13. 11 fi = fix^- 
If a does not satisfy (|3.6|) wc argue approximating a by that satisfy (|3.6p . 

Let /i^ denote the principal eigenvalue of — Ja — a^. We note that the convergence 

/x^ — > /iA as £ — !• is uniform by Proposition 13.81 (iii), so continuity of /i^ with 

respect to A for all e yields continuity of A 1— > ua- 

Next we show the exponential growth of —fix- Observe that if G Cper(IR^) 

then 

Jx*<P= j kx{x,y)e-^^^~y>'cj>{y)dy, 
J[o,i]" 

where 

kxix,y)= J2 e^'= V(x - 2/ - fc). 

The function kx{-,y) is [0, l]^-periodic. We consider the following eigenvalue prob- 
lem 

LA0+(/i + £)0 = O with 0e C([0,1]^) , 
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where e > and 

Lx(jy= I kx{x,y)e-''^^-y>'^iy)dy + a{x)cl, + tiocb. 

"'[0,1]" 

We will assume first that the support of J is large, so that for some constants 
&,d > 0: 

kx{x,y)>de'^ Vx,ye[0,lf- 

Let w{y) = e-^y". Then 

Lxw > [de^^ + a{x) + /^o + £)w > Se^^w 

where (5 > and where we taltc A large. If A > is large enough, by Theorem 13.91 
we obtain a principal eigenfunction <f) G C([0, 1]^) of with principal eigenvalue 
— Aa > 5e^^. Since kx{x,y)e^^'^~y^''^ is periodic in x, we see that $ is periodic. 
Therefore, extending it periodically to M^, we find that it is the principal eigen- 
function of L\ and —fix + /io + e = —fix > 5e^'^. Now since —Hx is non decreasing 
in A we have ~fJ.x + fJ-o + ^ ^ £ a-nd by taking S smaller if necessary we achieve for 
all A 

-MA > -Mo - e + Se''^. 
Without the assumption that the support of J is large, we can assume that 
a{x) > and work with m large so that the support of J™ is large. Then 

{Jx + aix)r >JT + a{xr. 

Notice that 

so the previous argument applies and we deduce that the principal eigenvalue of 
J™-|-a(a;)'" grows exponentially as A — >■ -j-oo. Then the same holds for (JA + a(a;))'" 
and therefore for Jx + a{x). □ 



Remark 3.11. We would like to comment here on the hypothesis in Theorem [77 
that there is a principal eigenvalue for problem (jl.7p . In fact, the proof of The- 
orem \1.2\ reveals that we actually need only that p.6p has a principal eigenvalue 
for all A > 0, which holds under the stated hypotheses that (|1.7p has a principal 
eigenvalue (this is a consequence of Propositions ^S-Sl and lS.S]) . Then it is natural to 
ask whether it is always true that (|2.6p has a principal eigenfunction, even if p.7p 
does not. Thanks to Proposition \3.5\ one can construct examples where (|2.6p has 
no principal eigenvalue for A in some interval around 0. 

4. Convergence of the principal eigenvalue and eigenfunction 
Given e > we study here the eigenvalue problem: 

f eAw + Jx * w - w + fu{x, 0)w + fiw = in 
I w > periodic and G . 

We will write 

(4.2) Lg^xw = eIS.w + Jx * w — w + fu{x, 0)w 

and Lx = io,A- 

In this section we will assume that fig is a principal eigenvalue for —Lq. Observe 
that by CoroUarv 13.41 fi\ is a principal eigenvalue of —Lx- By the Krein-Rutman 
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theorem, we know that for e > 0, L^^x has a principal eigenvalue ^.e.x and there are 
principal C'^ periodic eigenfunctions (f)e,\ > of L^^\ and > of i* that is, 

Le,\(f>e.\ + t^6,X(f>eA = and LIj^c/)*^.^ + Me^Af^e^A = 0- 

Lemma 4.1. Assume that fiQ is a principal eigenvalue for —Lq. For e > 

(4.3) /ie,A = sup {/i e K : 30 > L^,x(f> + ^ic/) < 0} 

(4.4) = inf {/i e K : 30 > ie,A0 + /U0 > 0}, 

where the sup and inf are taken over periodic periodic functions if e > and 
over continuous periodic functions if e = 0. 

Proof. Let us write: 

tie,\ = sup {^i : 30 > Lj,A0 + fi(f> < 0} 
= inf : 30 > Le,A0 + /^0 > 0}. 
Using 0e in the definitions we see that 

tC^x < Me, A < t^t.x- 

Let us prove /ie,A = M^a- -'^'^^ ^ G M be such that there exits > periodic 
such that L^^x4' + l-J-i-' > 0. Then 

/ie,A(V^,0;A) - -(V^-i:,A<A) = -(^..aV'-Ca) < Ca) 

where ( , ) denotes inner product on [0, 1]^. Since (?/',0*) > we deduce that 
Me, A < Hence fx^^x < M^a- 

The proof of fi^ ^ < fi^.x is similar. □ 

Lemma 4.2. Assume that /xq is a principal eigenvalue for ~Lq. Let /i^^A be the 
principal eigenvalue of (|4.ip in the space of periodic functions. Then 

Me, A -5- Ma as e 0, 

and the convergence is uniform for A in hounded intervals. 

Let 0e^A be the principal periodic eigenfunction of L^^x normalized so that 

ll</'e,A||L2([0,l]") = 1- 

Then 

0e,A -> 0A in C(R^) as e^O 
where 0a is the principal periodic eigenfunction of Lx . 

Proof. Under the stated hypotheses (|1.3p . (II. 4p on J and /, 0a is by Proposi- 
tion [3?5l Let ^ > fix- Then 

■^e,A0A + M'/'A = £A0A + (m - Ma)0A > 

if e is small. Using formula (14. 4p we sec that for small e, /i^.A < M- Thus 

limsup^e.A < Ma- 

e^O 

Using (|4.3p we can prove 

liminf /ie.A > Ma- 

e— >0 

Next we prove the uniform convergence of 0e.A and for this we derive a priori 
estimates. Since 0£^a satisfies (|4.ip and fu{x, 0) is we see that 0e^A is in C'^'"(R^) 
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for any a £ (0, 1). Fix i G {!,..., A^} and differentiate (|4.ip with respect to xi. Let 
us write wi = dxi4>e,\- Then 

(4.5) e/^w,+ g,- w, + fu{x,Q)w^+ ^le^xw^^Q in R^, 

where 

9.{x) = I {d,J{x-y)-Xe,)e^^y--y'cP,.x{y)dy + dlJ{x,0)<l>,.x. 

Let p>l. Muhiplying (|4.5p by \wi\P~^Wi and integrating on the period [0, 1]^ we 

get 

gi\wi\P~'^Wi dx 



: / Awi\wi\^ '^Widx+ I 
J[o,i]" J[i 



+ 1 {-l + fu{x,0) + iie,x)\w,\Pdx = 0. 
'[04]" 



Integrating by parts 



eip-1) \w,\P-^\\7w,\^ + il-Ux,0)^fi,.x)\w,\Pdx 

J[04]" "'[04]" 



gi\wi\P ^Widx 
[04]" 



and therefore 



(l-/„(a;,0)-Ms,A)h.rrfx< / g,\w,\P-Ux. 
'[04]" "'[04]" 

By Holder's inequality 
(4.6) 

\ i-i/p / „ \ i/p 



(l-/„(x,0)-/ie,A)Krrfa;< / KIM / \g.,\P\ . 

[04]" ^[04]" / ^[04]" / 

Since the operator L\ has a principal eigenfunction (jjx > from the relation 

J\* ipX = {1 - /u(x, 0) - /iA)0A 

we see that 

inf (1-/„(x,0)-//a) >0. 

a:6K" 

Since fJ-e,\ fJ-x as £ — !■ 0, for sufficiently small e > we have 

(1 - fuix, 0) - /ie,A) > c> for aU a; G M^. 
We deduce from this and (j4.6|) that 

II«^j||lp([04]") - C'll5i|lLP([04]") 

with C independent of e. But 

llftllLP([04]") ^ C'll0e,A||LP([Q4]") 

and therefore, recalling the definition of Wi, we obtain 

(4-7) l|V0e,A||LP([O4]") ^ C'll'?^e:A|lLP([04]") 

with C independent of e. Since we have normalized ||0£,A||L2([g x]N) = 1, using (|4.7I 
repeatedly and Sobolev's inequality we deduce that for any p > 1 

||V(^e,A||LP([04]") < C 
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for some constant C. By Morrey's inequality we deduce that (pe.x is bounded in 
C"([0, 1]^) for any < a < 1. Therefore, for a subsequence we have that (p^^x 4> 
uniformly on [0, 1]^ to some continuous function 0. Then, multiplying ()4.ip by a 
periodic smooth function and integrating by parts twice we deduce that > is 
a periodic eigenfunction of L\ with eigenvalue . Then cf) is a multiple of (px and 
since both have norm equal to 1, we conclude that (j> = (f>\. We also deduce that 
the whole family (j)^^x converges to cpx as e ^ 0. □ 

5. The stationary problem 

In this section we give the proof of Theorem 11.11 The same result for Dirichlet 
boundary condition appears in |22| . 

First we state a result analogous to Theorem ll.il for the perturbed problem. 

Proposition 5.1. Assume (jl.4p . Let /i^ denote the principal periodic eigenvalue 
of — where for e > 

Le0 = sAcj) + J*(j)-(t) + fuix, 0)(j). 

The perturbed stationary equation (j2.3p has a positive periodic solution if and only 
if fj.^ < and this solution is unique. 

We will omit the proof, since it is very similar to [SJ [23] . 

Lemma 5.2. Assume /io < 0, so for e > small /ie < and there exists a positive 
solution of (|2.3p . Then there is a constant C > such that for e > small 

^<P,ix)<C VxeK^. 
Also, Pe is uniformly Lipschitz for e > small, i.e., there is C such that 

\pe{x) -Pe{x')\ < C\x-x'\ for all x,x' e 
and for all e > small. 

Proof. For the proof of upper and lower bounds, it suffices to exhibit super and 
subsolutions which are bounded and bounded away from zero, uniformly for e > 
small. As a super solution we just take a large fixed constant. 

Let us proceed with the construction of a sub solution. We follow an argument 
developed in [35]. Let a{x) := fuix,0) — 1 and a := swp^Na{x). Since a(x) is 
smooth and periodic there exists a point xq such that a = a(xo). By continuity of 
a{x), for each n there exists rjn such that for all x G B^,^ [xq) wc have \a — a{x)\ < ^. 

Now let us consider a sequence of real numbers (en)neN which converges to zero 
such that e„ < Next, let (xn)nGN be the following sequence of cut-off functions: 
Xnix) :~ x( ) where x is a smooth function such that < x < 1, x{^) — 

for |a::| > 2 and x{^) = 1 for \^\ ^ 1- Next, we let 

Xn(x) = ^ Xn{x - k) 

so that for n large, Xn is well defined, smooth, and [0, 1]^ periodic. 

Let us consider the following sequence of continuous periodic functions (a„)„gN, 
defined by 

Unix) := max{a(a;), CTXn}- 
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Then \\an — a||oo — > as n — >■ oo. Now consider a C°° regularization hn{x) := 
Pn * an{x) where pn is an adequate sequence of mohifiers with support in iJin (0), 
such that ||6„ — a„||oo £ ||an — i||oo- Let 0£.„ > be the principal eigenfunction of 
the following eigenvalue problem 

eA0j_„ + J * 0e,„ + 6„(a;)0j,„ + Pe.n(t>e.n = in M^. 

Since 6„ is constant in a small neighborhood of xq, which is a point where it 
attains its maximum, by Proposition I3.5[ there is a principal eigenvalue pn and 
eigenfunction (f>n > for the problem 

J * 0„ + 6„(a;)0„ + ^„0„ = inM'^. 

We normalize ||</'n||L~([o,i]") = 1- 

Using that ||6„(a;) — a(2;)||oo — !■ as ?i — oo, from the Lipschitz continuity with 
respect to a{x) (Proposition [3]8]) it follows that for n big enough, say n > uq, we 
have 

Wc fix no large so that 



Pu<^<0. 



llh II ^ '^o 

Having fixed uq, wc work with £o > small so that 

Po 

Pe.no < ^ < 0, for all < e < Eq, 

which is possible since Pe.no ~^ Pno as £ by Lemma 14.21 
Now for (7 > we have 

e(jA<j>e,no + J * '^(f>s,na - ^<l>e,no + fi^i <^(t>e ,rio) — ^no ('^) II oo ~l" Me,no ) ''"'/'e 

+ o{(J(j)e^no) 

> -^Cr(t>s,no + o{(J(j)e,no) > 0- 



Therefore, for cr > sufficiently small, o4>e,no is a subsolution of (|1.5I) . By 
Lemma 14.21 — > (pno uniformly in as e — >■ 0. Since (pno > wc find 
the lower bound > 1/C for some C > and all e > small. 

Let us prove now that is uniformly Lipschitz. Let v ~ for some j G 
{1, . . . , N^. Then v satisfies 

We use that /(x, u) /u is a decreasing function for u > 0. This implies that /(x, u) — 
fu{x,u)u > for all x £ and all u > 0. Since there is a fixed lower bound for 
Pe > ^ (e > small) we find a fixed lower bound for the quantity 

f{x,Pe)- fuix,Pe)Pe>5o>0 VxeR^ 

and all e > small. Then p^ satisfies 

eApe + J*Pe~Pe + fu{x,Pe)Pe = fu{x,Pe)pe - f{x,Pe) < Sq. 

By the maximum principle we conclude that 

I I Wfxj lloo ^ ^ ■ jnN 

\v\ < ^ p^ < C m R . 

Thus pe is uniformly Lipschitz. □ 
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Proof of Theorem 11.11 Uniqueness is proved as in [241 ES]- Also the proof that 
/^o < is necessary for existence is very similar to [211 [22], so we omit the details. 

Assume now /io < and let us prove that there exists a continuous solution. Let 
Pe be the positive solution of (j2.3p . which exists since < for e > small. By 
Lemma [5.21 is uniformly Lipschitz and therefore, up to subsequence Pe, converges 
uniformly in [0, 1]^ as e ^ to a continuous function p > which is periodic and 
solves (|1.5|) . By the uniqueness of the positive periodic solution of ()1.5|) , we have 
convergence of the whole family p^. □ 

Directly from the previous proof we get the following result. 

Corollary 5.3. Assume fio < 0, so fie < for £ > small . Let p be the positive 
continuous periodic solution of (|1.5|) and p^ be the positive periodic solution of (|2.3|) 
for e > small. Then 

Pe ^ p uniformly as e — !■ 0. 



6. Construction of approximate pulsating fronts 

Let £ > be small enough so that 

= J*p-p + £Ap + /(x,p) .tgM^ 

has a positive periodic solution p^, which is unique. 
Here the main result is the following. 

Proposition 6.1. Let c*(£) be defined by (|2.7|) . For c > c*(e) there is a solution 
to 



(6.1) 

such that 



cdsip = Mijj - -ijj + eAi' + f{x,ilj) inRx 



3.2) 



lim tjj^s, a;) = 

lim ip{s, x) = Pe{x) 

'ip{s,x) is increasing in s and periodic in x. 

To prove this result, we first work with an elliptic regularization of the op- 
erator M — Id + eAx — cds as it is done in [5l EH [25] and introduce a truncated 
problem as follows. Given k, r, i?>0,cr>0 and c S M consider the problem 

' C^tp + f{x,il:) + H{s,x)=Q in(-r,i?)xM^ 

-0(5, •) = for s < —r 

■0(3, •) = Pe for s > R 

ip{s, ■) is [0, l]^-pcriodic for all s 



(6.3) 



where 

C^ip := / J{x-y)ip{s + {y-x)-e,y)dy~i} + eA^'ilj + Kdssi^-cdstp, 

J[-r<s+{y-x)-e<R] 

(pe is the principal periodic eigenfunction associated with the principal eigenvalue 
He of the following problem 

£A0 + J * - + fu{x, 0)0 + /ie0 = 0, 
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and 

H{s,x)=a J{x-y)(j)e{y)dy+ I J{x ~ y)pe{y) dy. 

J[s+(y-x)-e<-r] J [s+{y-x)-e>R] 

Proposition 6.2. There exists ctq such that for all < a < and for any c G R 
there exists a unique solution of (|6.3p . Moreover, the corresponding solution is 
increasing in s, and continuous with respect to a with values in C^([— r, i?] x R^). 



Proof. Note that by construction, since J is smooth then H{s, x) is also smooth 
and the problem (|6.3|) can be solved by super and sub-solutions techniques. We 
call a function ip g C^(]R^ x [— r, i?]) a super-solution of (|6.3p if 

C^i^ + f{x,i}) + H{s,x) <0, -r<s<R 

> cr0e, ipiR^x) >p,{x) VxeR^ 
ip is periodic in x. 

Subsolutions are defined similarly reversing the inequalities. If there exists a subso- 
lution *i G C^([-r, R] x R^) and a supersolution ^2 G C^{[-r, R] x R^) such that 
^1 l£ ^2 1 then using monotone iterations one can construct a minimal solution ip 

and a maximal solution tp of (j6.3|) such that 'i'l < ip < ip < '^^2- The monotone 
iterations can be taken for instance of the form 

and Tpn defined recursively as 
(6.4) 

- eA^j'f/'n+l - Kdss1pn+1 + cds1pn+l + {A + l)lpn+l 

= Mi^n + f{x, ^n) + A^M + H{x, s) in (-r, R) x R^ 

< 

1pn+li-r,x) = acpe, 1pn+liR,x) = Peix) Vx G R 

ipn+i is periodic in x. 
where M denotes the operator 

Mip{s, x) = / J{x ~ y)i'{s + {y - x) ■ e, y) dy. 

J [-r<s+(y~x)-e<R] 

Here ^ > is a large constant such that u 1— >■ f{x, u) + Au is increasing for all 
u € [0, maxpe] and all x. Then the right hand side of (|6.4p is a monotone operator. 

Now since, Pe and w are bounded and strictly positive functions, the following 
quantity a* is well defined 

fT* := supjo- > I CT^e < Pe). 

Take now Q < a < a* . Then from the definition of H{s,x) we see that p^ is a 
supersolution of (j6.3|) . Indeed, a short computation shows that 

^K[Pe] + f{x,Pe) + H{x, s) <{J*Pe ~ Pe) + f{x,Pe) + sI^xPe = 0. 

Working with e > sufficiently small we have that /ig < 0. Let us now observe 
that when < cr < ct* and a is small enough the function a<j)e is a subsolution of 
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()6.3p . Indeed, as above using that acpe < a short computation shows that 
C.n['y(i)e\ + f{x, <7(f'e) + H{x, s) > cr( J * 0e - (f>e) + f{x, a(f)^) + eaA^^i^ 

> '^(Pe ( -Me H /u(a;,0) I . 

Since <j)^ is uniformly bounded, using the regularity of f{x,s) we have for c > 
small enough say cr < di 

Thus for (T < ao ■= infjcri, cr*}, cr0e is a subsolution to (|6.3p with cr^^ < p^. 

We prove now that for all cr < (Tq the corresponding problem (|6.3p has a unique 
positive solution denoted ■f/'o- . To this end we use a standard sliding method. First 
observe that for any < a < ao, then any bounded solution tJj of the corresponding 
problem (|6.3p satisfies 

Indeed, let us start with the proof of the inequality ip < Pe- Since p^ is bounded 
away from the following quantity is well defined 

7* := inf{7 > 0\xJj < ^Pe}- 

To prove the inequality, we are reduced to show that 7* < 1 . Assume by contradic- 
tion that 7* > 1. From the definition of 7*, using the periodicity of the functions ip, 
p^ and a standard argument we see that there exists a point {sq, xq) S (— r, R) x 
such that 7*pe(so,xo) = ip{so,xo)- 

Observe that since ^fe^ is a decreasing function of s, the function 7*Pe is a 
supersolution of (|6.3p . Moreover, for some positive constant A big enough, the 
function 7*^5 — ■0 satisfies 

/:«(7*Pe - ^0 - A{^*p, - 1^) < 0, in (-r, R) x 
{-f*Pe -i')i-r,x) >0, {-i*Pe~tp){R,x)>Q V.TeM^. 

Since is elliptic in {—r,R) x and 7*pe(so,a;o) = V'lsoja^o), from the strong 
maximum principle it follows that 

7>e = V^ in (-r,i?)xM^, 

which is impossible since ^*ps{x) > Peix) > a(j)s(x) — Tjj{~r,x). Therefore we 
have 7* < 1 and tJj < Pe- The strict inequality comes from the strong maximum 
principle. Now observe that to obtain the other inequality atpe < tjj yfe can just 
reproduce the above argumentation with a(f>e in the role of ijj and tjj in the role of 

Pe- 

We are now in position to prove the uniqueness of the solution of (|6.3p . Suppose 
V'l, tp2 are 2 solutions of (|6.3p . Define the following continuous functions 

{a(j)e{x) if s < — r and x € 
V'i(s, x) if - r < s < i? and a; G 
Peix) if s > i? and x G 
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and 

{a(j)e{x) if s < -r and a; G 

ip2{s,x) if - r < s < i? and x eR^ 

Pe{x) if s > i? and x £ R^. 

Note that with this notation the equation (|6.3|) satisfied by -01 and V'2 can be 
rewritten 

(6.5) eAipi + Kdssi^i - cdsipi - ipi + fix,ipi) ^ ~M^t in (-r,i?)xR^, 

with i e {1,2}. 
Let us define 

'iplis,x) := ■01 (s + T,x) 
with r G R. Obviously, we have 

^Pl{s,x) -.^ iIji{s + t,x) in (-r,i?-T)xR^ 
We claim that for all t e [0,R + r] 

(6.6) ipl{s,x) > ij2{s,x) for (s,a;) G R X R^. 

By construction we easily see that 'ipi '^^ > ■02 in R x R^ since we know that 
CT(/>e <tpi<Ps for (s, a;) G R X R'^. 
Moreover, using that we have a strict inequality in (— r, i?), that is to say 
a(f>e <ipi <Pe for (s, x) G (-r, i?) x R^, 
we can find a positive s such that for any t G [i? + r — e, i? + r] we have 
0[(s,a;) > Vi2(s,a;) for (s, x) G R x R^. 
Note also that by construction for all r > we have 

(6.7) i^l>tp2 in ((-oo,-r] U [i?-r,+cx))) X R^. 
Now let us define 

T* = inf{T G [0, R] : ipl' > for r' G [r, i? + r]} 
then < T* < i? + r. Assume that t* > 0. in this case 

> -02 in R X R" 

and since J > we have 

M{i>l - 02) > 0. 

Now, fix ^ > large so that f{x,u) + Au is monotone increasing in [Ojmaxpg]. 
Let us denote z := ipl — -02. Then using the definition of ipl and ^02 in (— r, R — 



T*) X R^, we have 



eAz + ndssz - cdsz - (A + l)z < -il/(v5[ - ^2) < 0, 

z{-r,x) > for all x G R^, 

z{R - T*, .t) > for aU x G R^. 

By the strong maximum principle, it follows that z > in {—r,R — t*) x R^. 
Therefore, we have ipl — 0^2 > in [—r, R — t*] x R^ and by continuity for S small 
we have for any r in (r* — S,t*) 

(6.8) ^l-^2>0 in [-r, - r] x R^. 
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Combining the later with ()6.7p it fohows that for any positive r in (r* — (5, r*) we 
have 

-01 - -02 > in R X M^, 
which contradicts the definition of r*. Therefore, r* = and ipi > ip2- By inter- 
changing the role of ipi and 02 in the above argument we end up with ipi > '4'2 ^ '>Piy 
which prove the uniqueness of the solution of (|6.3|) . 

Taking -02 = "0 in ()6.6|) shows that tp is increasing in s. Finally, denoting -00- 
the unique solution of the corresponding problem ()6.3p one can see that the map 
(7 tp^ is continuous, thanks to the uniqueness of the solution to (|6.3p and standard 
elliptic estimates. □ 

Proposition 6.3. Suppose c > c*(e). Then there exists ro > 0, k(c) > and k > 
such that for r > ro, R > rg, n < k(c) there is a G (0, ctq) for which the unique 
increasing solution ^0 of (|6.3p satisfies 

max ■0(0, a;) = — minpg. 

a;6[0,ll™ A: R" 



Proof. Let 0cr denote the unique solution of (|6.3p constructed in Proposition 16.21 
Choose k > 0, so that 

(To max0e > — minpe, 

where 0e denote the positive periodic principal eigenfunction associated with the 
eigenvalue problem 

J * - + eA0 + fu{x, 0)0 + Me0 = 0. 

Observe that since ipa is increasing in s, we have maxjfiv 0cro (0, x) > ^ miuRW p^. 
Next we prove that for a — 0, we have max^-^jfiv 00(0, x) < ^ miuRjv p^. 
Recall that 

c:(e) := inf (-^) , 
where /i^.a is the principal periodic eigenvalue of the problem 

Ja * - + eA0 + fu{x, 0)0 + Me,A0 0. 

Since c > c*(£) there is A > such that cA + /i^ ^ > 0- Let us denote 0^ ^ the 
principal periodic eigenfunction associated with fi^ ^ ^-nd consider the function 



w 



where so G M is chosen so that 



e max0^ \ < -r minn^, 

and take i? > large so that 

e^(fl-so)jj^in^ >p Jx). 

Since w is monotone increasing in s we have 

w{s,x) >Pe{x) for any (s,a;) e [i?, +cx)) x M^. 



Finally, observe that 



e>(-'-^o)0^ _(2:) > for any {s,x)£Rx"^ 
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We claim that the function is a supersolution of (|6.3p with cr = for k smah 
enough. Indeed, in (— r, R) we have 

< — (/ig )^ + cX — kX^)w 
Therefore, for k < '^V^^ =■ k{c) we have 



CeW + f{x, w) + H{s, x) < for aU (s, x) € (-r, R) x 
w{~r, x)>0 for all a; G R^, 
w{R,x) > p, for all x e R^. 



Since is a subsolution of (|6.3p with and w > using the uniqueness of the 
solution of (|6.3p we must have ^q{s,x) < w{s,x). Therefore 

max "00(0,2;) < maxw(0, a;) < min — . 

RW R" /c 

With R > fixed, we see that the map a G [0, cfq] i~->- is continuous, and at (Tq 
satisfies maxi/jo-o (0, 2:) > ^ ^nd max '00(0, a;) < min 2^. By continuity there is 
(T £ [0, Co] such that max'0cr(O, x) = min □ 

Proposition 6.4. For c > c*(e) anrf k < k(c) t/iere is a solution to 

(6.9) cc)sV' = A^V'-V' + eAi/' + Kc)ssV' + /(a;» m R x R^ 



suc/i that 



lim 0(s, x) = 

s— ^ — 00 

lim ip{s, x) = Pe{x) 

S— J- + 00 

0(s, x) is increasing in s and periodic in x. 



Proof. For r > large, let ipr be the solution of (|6.3p with R = r obtained in 
Proposition 16.31 where a = cr(r) 6 (0, cro) is such that 

(6.10) max i/'r(0, a;) = min ^sl^. 

We let r — > 00. Since -^r is locally bounded in C^'", there is a subsequence such 
that 0r converges locally in C^'" to a function ^/j : R x R^ which satisfies ()6.9|) with 
the speed c, is increasing in s and periodic in x. 

The limit w(a;) = lims_j._oo ?/;(s, x) exists and is a solution of the stationary prob- 
lem. By Proposition 15.11 part b) this solution is either or the unique positive sta- 
tionary solution By (|6.10p we conclude that w = 0. Similarly lims_j,+oo ipi^, x) = 
Pe{x). 

□ 

In the next proposition we establish some a priori estimates satisfied by the 
solutions of (|6.9p . Namely, we have 



Proposition 6.5. Let c > c*(e) and k < k{c) then the solution {ipK.,E,c) of (|6.9 
satisfies 
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(i) 



,2 e /■ ,„ „ 1 



la.VK.el / \^.Pe\--, / J{x.y){Pe{x)-p,{y)Y+ / F(x,p,) 

where C = [0, 1]^ and ^7 = X^fcez" "^(^ ~ U ~ ^) ^ symmetric positive 
kernel. 

(ii) i^or a// compact set /C C M x M^, i/iere exists R > 0, a constant j{R) and 
71 G N so i/iai 

/ |V,^..,p <7(i?)(2n)^. 
Jk 

(iii) Given R > 0, let 

Qr = {(s,x) e M X : < i?, |s| < R}. 
Then there exists positive constant M, M' independent of e such that 

sup |Va;V'K,e| < M ( |c| + + i? ( 2sup \pe{x)\ + sup |/„(a;,0)| ) ) sup IV'k.eI 
Qr/4 V ^ V Qr Qr J J Qr 

sup ■ < M sup |Va;l/'K.6|- 

Qr/4 ^1-^2 1 2" Qr 

We give the proof of this Proposition in Appendidx El We are now in a position 
to prove the Proposition 16. II 

Proof of Proposition [67ll Let us first assume that c > c*(£). Then from the 
above construction, for any k < k(c), there exists a function ■0^,5 (s, 2:) increasing 
in s and periodic in a; e that is solution of (|6.9p . Without loss of generality, we 
can assume that ?/'«;,£ is normalized as follows 

maxi/iK f(0, .t) = min 

R« K» A: 

We let K — !• along a sequence. Thanks to the apriori estimates of Proposition [631 
wc can extract a subsequence of ('0K„.e)neN which converges locally uniformly in 
M X to a function -0^ G if/^^(M^) nC"(R x R^) for some a G (0, 1), that satisfies 
(|6.ip in the sense of distributions. Since V'K„,e is periodic in x, monotone increasing 
in s, and < ij^K-n.e ^ Pei we also have that is periodic in x, monotone non 
decreasing in s, and < t/'j < Pe- Note also that from the normalization condition, 
since V'k„.£ — > V'e locally uniformly, we also deduce that 

(6.11) max^AjfO, x) = min — . 

R" R« A: 

Furthermore, using standard parabolic estimate, on can show that -iA^ is a classical 
solution of (|6.1I) . Thus t/i^ satisfies 

eAV'e - c9^V^e + Af[i/^e] " + /(a;, V'e) = in M X R^, 

< i/' < Pe, > in R X R" 

'(/'e(s, •) is [0, l]^-periodic for all s. 

By standard estimates the limit w{x) ~ lims_>_oo "tpeis, x) exists and is a solution of 
the stationary problem. By Proposition 15. II part b) this solution is either or the 
unique positive stationary solution p^. By (|6.1ip we conclude that u; = 0. Similarly 

lim5_i.+oo Ipeis, x) = Pe{x). □ 
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7. Estimates for Le,\ 
Recall the notation from ()4.2p : 

Ls^^xu ~ eAu + J\ * u — u + fu{x,0)u. 

Lemma 7.1. Let A be such that < Ac < —fie,x- where ^^^x is the principal periodic 
eigenvalue of the operator — ie,A defined in section^ If u C^(M^), u > is a 
periodic solution to 

Lf;^xu — Xcu = h in 

then 

I|w||l~([0,1]") < C'e,A||/l||Loo([o,i]iV). 

Note that for any e > and < Aq < Ai < — /j^.a/c wc have 

sup Ce.A < oo, 
Ao<A<Ai 

but the constant depends on e. 

Proof. Let (p* be the principal eigenfunction of the adjoint operator L* . Then 
multiplying the equation by 0* and integrating we find 



(-M£,A-Ac) / u(j)lx'= / ^Ca- 

J[0,1]™ "'[0,1]" 

Since Ac < —fj-^^x, u > and 0* is strictly positive and bounded, we obtain 

II"IIli([0,1]") < C'e,A||^||Li([0,l]")- 

The uniform norm follows because of standard elliptic estimates for the operator 

Le^. □ 

Proposition 7.2. There is p > Q, such that for any < p' < p there is Eq > 
and C such that for any < £ < eq, any A that satisfies {—pe.\ ^ /o)/c < A < 
{—fj.e,\ ~ o,''T'd 0^2/ u>0 that is a periodic solution to 

(7.1) Le^xu ~\cu = h m 
for some h G we have 

I"IIl~([o,i]") < C'I|/i||l^([o,i]")- 
The constant p > does not depend on e or X. 

Proof. Let p,x be the principal eigenvalue of —La- Recall that inf3,g[o^i]iv(l — 
fu{x,0) — po) > 0, so we can fix p > such that infj;(l — fu{x,0) — po ~ p > 0). 
Since px < po, see Proposition 13.31 also infj;(l — fu{x,0) — px — P > 0). Let 
< p' < p and let us proceed by contradiction. Assume that there exist sequences 
Sn — !■ 0, A„ e M, periodic functions (/i„) in L°°, (u„) in C^, such that: A„ satisfies 
{-Pn - p)/c < A„ < {-pn - p')/c, where /i„ = Pe„,x„, Un solves (|7.ip and 

\\hn\\L=°^0 and ||uti||l=- = 1- 
We write equation (|7.ip as 

(7.2) e„Aw„ - a„(a;)u„ = -5„ 
where 

Unix) = 1 - fu{x, 0) + A„c and 5„ = J\„Un - /in- 
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After extracting a subsequence we may assume that An — > A, u„ — >■ it weakly-* in 
i°°([0,l]^) and then J\^Un — ?■ J\u uniformly. Hence g-n ^ g ^ J\u uniformly, 
and g is continuous. By Lemma 14.21 we have fin = M£„,a„ fJ-\ as n oo. Since 



a„(.T) = 1 - fu{x, 0) + A„c > 1 - fu{x, 0) - fin- P 
and 1 — fu{x, 0) — /iA — p > 0, by working with n large we may assume that 

inf an{x) > ao > for all n. 

X 

Note that a„ a = 1 — fu{x,0) + Ac, which is a continuous positive ftmction, 
and the convergence is uniform. We claim that Un g/a uniformly. For the next 
argument we will assume that > 0, which we can achieve by replacing m„ by 
Un + M and (?„ by .g„ + a„M where M > is large. Note that ()7.2|) and gn g 
uniformly still hold. Let < cr < 1/2 and xq G M^. By uniform convergence 
gn ^ g, a,n ^ a and the continuity of g and a, we have 

• f 9n{x) , -.gixo) • H / N 

ml — rr — \^ ^ '^)~/ — \ m ±?r(a;o) 

xeB^ixo) p + an{x) a{xo) 

provided we choose r > 0, /3 > small and ?? > no with no large, and this is 
uniform in xq. Let z be the principal eigenfunction for —A in Br{xo) such that 
max.B^(xo) z = 1 and let Vr = C/r^ be the corresponding principal eigenvalue, that 
is, 

I Az + i^r^ = 0, z > in Br{xQ) 
I z = on dBrixQ). 



Define 



Then 



zd„ where d„ = inf ^"^ 



Brixo) Vr£n + an(a::) 



£r„At;„ - ttnVn = -gn + dniSn^r + a„)z < 

by the choice of (i„ and z < 1. Since = u„ > on dBrixo) by the maximum 
principle we deduce that 

Un > I inf ^" ^ , , I z in Brixa). 

\Br{xo) Vr£n + ari(a;) / 

In particular, if n > no is large enough so that VrSn £ P we obtain 

Un{Xo) > (1 - O-j-p r. 

a(xo) 

This proves that 

liminf inf(u„ — g/a) > 0. 

n— ^00 X 

A similar argument shows that 

limsupsup(u„ — g/a) < 

n— >oo a: 

which proves the uniform convergence m„ — > gi/a. We deduce that u = g/a, and 
therefore u solves the equation 

J\u — u + fu{x, 0)u — Xcu = 0. 
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But since ||uri||Ltxi = 1 and u„ converges uniformly we also deduce that ||m||loo = 1. 
Moreover u > 0. Then necessarily Ac is the principal eigenvalue — fix of L\. This not 
possible because we assumed A„c < —fin~p', so Ac < -~fix~p' , a contradiction. □ 



8. Exponential bounds 

Suppose we have a solution of 

' ci^s = e^ip + M[iP] - V' + f{x, il>) Vs e M, a; e 
il){-,x) is nondccrcasing for all x 

(8.1) I ip{s, ■) is [0, 1]^ periodic for all s 

?/'(s, x) — !> as s — >■ — oo 
, '0(s, a:) — ;> Peix) as s — !► oo. 

Let 5 > be fixed. We assume the following normalization on ip: 

(8.2) max V(0,x) = S. 

xG[04]" 

Let Ae(c) be the smallest positive A such that c = The main result in 

this section is the following. 

Proposition 8.1. For any < A < Ae(c) there are S > 0, C > such that if ^ 
satisfies (|8.1I) and (|8.2p . then 

(8.3) V(s,a;)<Ce^" Va; e R^, Vs < 0, 
where C does not depend on e > 0. 

As a corollary we have: 

Proposition 8.2. For all e > small and any fixed A such that < X < \^{c) 
there exists Cx independent of e such that if satisfies (jS.ip and (|8.2p . then 



(8.4) |V'.(s,a;)| < Cac^" Vs < 0, Va; G 

(8.5) e^/^\V^i}{s, x)\ < Cxe^" Vs < 0, Va; G 

(8.6) e\\7lil;{s,x)\ < Cxe^' V.s < 0, V.t G M^. 

The proof of this proposition is based on scaling in the x variable and applying 
Schauder estimates for parabolic equations. We omit the proof. 
The proof has several steps. 

Lemma 8.3. There exists Ao > and C > such that if 5 > is sufficiently small 
and tj} satisfies (|8.ip and (|8.2p . then 

(8.7) / / ^p{s,x)e-^' dsdx <C VO < A < Aq 
where the constants do not depend on e > Q. Moreover, 

^{s, x)e-^' ds <Ce VO < A < Aq 

-OO 

where Ce depends on e. 
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Proof. Let 77„ : R ^ R be a s smooth function such that 77n(s) = 1 for all s > —n, 
r]n{s) = for all s < — 2n, t]'^ > 0. Let A > and define 



[/„(a;,A)= / 'ip{s,x)e ''r]n{s)ds. 
<y —oo 

We multiply (j8.1[) by ?7„(s)e~^'* and integrate on (—00,00). The term involving 
Mip yields 



Mil;{s,x)rin{s)e ds ^ / / J{x - y)%j}{s + {y - x) ■ e,y)rin{s)e dy ds 

J -00 JR" 
/>oo 

J{x - y)e-^("^-^)-'= / ij{s +{y~x)-e, 2/)r?„(s)e-^(''+(«-^)-'=) ds dy 



J(x - j/)e-^("-«>^ / ij{T,y)e-^^7UT-{y-x)-e)dTdy 

J —00 

and we write this term as 

JxUn{;\)+ I J{x~y)e-^^--yy' H ^{T,y)e-^^ [r^„ {T - {y ~ x) ■ e) - r]„ {T)] dr dy 



Hence 

(8.8) eAUn + JxUn - U,, + fu{x, 0)[/„ - cA[/„ = Z?„ + S„ + F„ 

where 

Dn = I J{x- y)e-^^^-y>^ r ^(T,2/)e-^^ [7;„(t) - 77,, (r - (y - x) • e)] drdy 

■/R« J-00 

/oo 
(/(x, V'(s, x)) - fu{x, 0)V'(s, x))e-^"77„(s) 
-00 

Fn = ~c ip{s,x)r]'^{s)e-^' ds. 



Observe that in Z)„, we can assume that the integral in y ranges on |?/ — < 1 
(because we assume that J has support contained in the unit ball) . Then | (y — a;) ■ 
e| < 1 and since rj is nondecreasing 



J(a;-y)e-^("-y>^ / ^T,y)e-^^7j„{T - {y - x) ■ e) dr dy 
' J-00 

>f J{x-y)e-^^^'y^-' f tP{T,y)e-^^Vn{T-l)dTdy 
1" J-00 

/>oo 

J{x - y)e-^(--^)- / V(r + 1, y)e-^^^+''>Vn{r) dr dy 



— 00 

00 



> e-^ / J{x - y)e-^^^-y^-^ / V(t, y)e-^^iiu{T) dr dy 

JK" J-00 

because ipi'^x) is nondecreasing. It follows that 

Dn < (l-e-^)JAC/„(-,A). 
Thus, from ([8^ and since F„ < 

eAUn + JxUn - Un + fu{x, 0)Un - cAC/„ < (1 - e-^)JA [/„(•, A) + En 
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Write 

/O poo 
. . . ds + . . . ds 
-oo Jo 

and note that 

/•oo 

-/„(x,0)V'(s,a;))e"^^ry„(s)| ds < Ci 
with Ci 1/A as A — > 0+. We estimate the other integral as fonows: 

{fix, x)) - fu{x, 0)^(s, x))e-^' ds<Cf / ^(s, x)^e~^'Tjn{s) ds 

3 J — OO 

<Cfd / i;{s,x)e-^'r]n{s)ds < Cf6Un{x,X) 

J —CO 

where Cf is a constant that depends only on /. 
In this way we obtain 

(8.9) 

eAUn + JxUn - Un + fu{x, 0)[/„ - cA[/„ < (1 - e-^)JxUn{-, A) + CfSUn + Ci 

Let ^e,\ be the principal eigenvalue of the operator — (eA0 + Jxcj) — (f> + fu{x, 0)0), 
the principal eigenfunction and 0*;^ be the principal eigenfunction for the 
adjoint operator. Since ^> /iA as e — > and /ia < 0, we can assume that 
lie,x < 0. Multiplying (|8.9p by 0* ^ and integrating over the period [0, 1]^ we find 

(-At,.A-cA) / Un{,x,\)4>ly^(x)dx <{l-e-^) JxU„{x, X)(l)* ^(x) dx+ 

J[OS]" "'[0,1]" 



+Cf6 / J7„(x, A)(/)*A(a;)cia; + Ci / (j)t)^{x)dx 

J[0,1]" ' "'[0,1]" 

But 

JxUn{x,X)4>l x{x)dx = / {Jx)*(j)l x{x)Un{x,\)dx 

[0,1]" ' •''[0,1]" 

[-A*£,aCa + 4>*e.\ - 0)(?!)*.A - £A(/)*,a] A) 

[0.1]" 

Note that <()* is uniformly bounded in C^([0,1]^) as e 0, see Remark 13.101 a 
property where use that / is . Using the uniform smoothness of 4)Z x ^-^d the 
fact that it is uniformly bounded below 0* ^{x) >c>Oas£— )>0 with A > fixed, 
we see that 



Therefore 



JAC/„(a;, A)(/)* A(a;) dec < C / Un{x,\)(t)l xi^) dx. 

[0,1]" ' ^[0,1]" 



(-Me.A-cA) / U^{x,\)<i>l^{x)dx<{{l-e-^)C+C}5) Unix, X)(f>l ^{x) dx 

J[0,1]" ' "'[0,1]" 

+Ci / (l)txix)dx 

"'[0,1]" 

Choosing 6 > and A > sufficiently small we deduce that 

Unix,\)q^;xix)dx < C 

[0,1]" 
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and again using that ip* is uniformly bounded below, we find 



(8.10) / Unix,X)dx<C 

J[04]" 

where C is independent of e and n. Now letting n ^ oo, we obtain the conclusion 
(lO) . 

To prove the last part we observe that 

lim Unix, X) — U{x, X) 

n— >c« 

by monotone convergence where 

/oo 
V'(s,a;)e-^" ds. 

By ([8l0| . [/(•, A) is in L^{[Q, 1]^) and is a weak solution of 
eAU + JxU -U -cXU = E in 

where 

/oo 
f{x,il^{s,x))e-^' ds. 
-OO 

Note that 

I|£^IIlp([0,1]") ^ '^)IIl!'([0,1]") 

for all p>l. Then, using standard elliptic estimates we deduce that [/(•, A) G 
for < A < Ao. □ 



Lemma 8.4. Suppose ip : (— c», 0] — s- [0, oo) is nondecreasing and let A G M. Th 



en 



i.ll) 'ipis)<X- ^ ^{T)e-^^ dr Vs < 0. 



Proof. Let t < 0. Then 

ipit) I e-^'ds < I 'Pis)e-^'ds. 



rO 



□ 

We prove first the exponential decay of "ip for some constant that depends on e. 

Lemma 8.5. Fo?' any X < Ae(c) there is > such that if is a solution of 
(lO) then 



(8.12) iP{s,x) <Cee^' e M^, V.S e M. 

Proof. In this proof e > is fixed and we find (5^ > such that if ■0 satisfies 

(8.13) max ^p(0,x) < 6^ 

a;G[0,l]" 

then the conclusion (|8.12p holds. Given any solution of (|8.ip we know already by 
Lemma Is. 31 that tpis, a;) — > as to —oo uniformly in x, even at an exponential rate, 
so that (|8.13p holds provided we replace ip{x,s) by ip{x,s — r) with r sufRciently 
large. 
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Let 7] e C°°(R) be such that T]{t) 1 for t < 1 and T]{t) = for i > 2. For 
\eR,xe [0, 1]^, let U be defined by 



(8.14) U{x,X)= ^{s,x)e-'"'r]{s)ds 

J —CO 

with values in [0, oo] . At this moment we know from Lemma |8 . 3 1 that U {x, A) < +oo 
if we take < A < Aq where Ap > is a small fixed number. The objective is to 
prove that for any A such that < Ac < —fie.x 

l|t^(-.^)llL~([0,l]") < +00- 

Then from (|8.11l) we obtain the desired conclusion. 

Assume that A is such that ||[/(-, A)||ioo([o.i]«) < +oo. We multiply (|8.ip by 
'ri{s)e~'^'' and integrate on (—00,00). We obtain 

eAU + JxU-U + fuix,0)U - cXU = Dx{x) + Ex{x) + Fx{x) 

where 

Dx{x) = / J{x - y)e-^^--y^-- f V(r, y)e-^^ [v{t) - v{t ~ {y - x) ■ e)] dr dy 

JR» J-00 

/oo 
{fix, V(s, x)) - fuix, 0)V'(s, x))e'^'r]is) ds 
-00 

poo 

Fxix) ^ -c ip{s,x)r]'{s)e~^'' ds. 



Thus 

{L,^x-Xc)U = Dx + Ex+Fx. 
Since U is nonnegativc, we may apply Lemma |7. II and deduce 

\\U{;X)\\l^ < C'eAWDx + Ex+Fxh^) 

Write U ~ Ui + U2 where 

/O /-oo 
tl;{s,x)e-^''r]{s)ds, U2 = ij{s,x)e-^''ri{s) ds. 
'OO Jo 

Since U2 > 0, we also have 

l|t^l||L°=([0,l]") < Ce^X \\F>X + Ex+ ^a||l«=([0,1]")- 

In Dx{x) one can restrict r to [—1,4]. Hence 

I^a||l~([o,i]") < C 

and the constant remains bounded as A varies in a bounded interval of R. Similarly 
the integral in Fx{x) is restricted to 1 < r < 2 and hence 

II^a||l°°([o,i]") ^ 

with C as before. We estimate 



\Ex{x)\ = 



{f{x,ij{s,x)) - fu{x,Q)ip{s,x))e ^'ij{s)ds 

00 

<C f |V(s,a:)pe"^''ds + C 
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By (Em 

<Coe^1|C/i(-,A)|Uoo Va-G [0,1]^, Vs < -1. 

Hence, using (j8.13p . 

\Ex{x)\ <Cdl/^ I ^ \i,{s,x)\^l^e-^' ds + C 

J — OO 

<C<5i/2||C/i(.,A)|li/i / \>^^/^ds + C = CxX'^\\U,{-M?i^+C. 

J —OO 

where ^ V-^o- Therefore 

(8.16) ||C/i(.,A)|U.c([o,i]«) <<5,^/2CAoC,,A||C/i(-,A)||^/i 

If we choose > small this implies that there is a gap for ||C^i(-, A)||ioc([Q ^jw). 
For example we can achieve 

cither i|C/i(-, A)||loc([o,i]iv) < 2Ci or ||C/i(-, A)|li«=([o,i]") > 3Ci. 

Indeed, first fix < Aq < Ai < Then wc know from Lemma \TA\ that 

sup Ce_A < oo. 

Ao<A<Ai 

Choose i5e > such that 

<5i/2(3Ci)V2c,„ ( sup < \- 

\Ao<A<Ai / o 

Suppose that A)||ioo([o,i]iv) < 3Ci. Then by ([51^ 

||C/i(.,A)|U^([o,i]«) < 5l'^Cx,,C,^x\\U,{-,\)\tj!l+C, 

< ,5l/2CAoCe,A(3Ci)l/2||C/i(-,A)||Lc. +Ci 

< 1\\Ui{-,X)\\l^' +Ci < 2Ci. 

Using Lemma 18.31 and increasing Ci and decreasing if necessary, we can assume 
that 

||f/i(-,Ao)||L~ <2Ci. 
Since A i-> A)||l°^ is continuous we see that 

||C/i(-,A)||i.o <2Ci VAo<A<Ai. 

□ 

Proof of Proposition 18.11 Wc argue as in Lemma 18.51 In this proof we take 
p > as in as in Proposition l7.2l and let < p' < p. Wc restrict A so that it satisfies 
{—Pe,x — p)/c< X < {~Pe,x — p')/c and take < e < Eq- 

Let U be defined by (j8.14p . and Ui, U2 defined in (|8.15p . Following the proof of 
Lemma [8751 if ip satisfies (|8.ip and (|8.2p then, using Proposition 17. 2[ 

ri(-,A)|Lo„([o,i]«) <<5i/2q|;7i(.,A)f/i 

where C now remains bounded for any < e < Sq if X satisfies {—pe,\ ^ p)/c < 
A < (—/-«£, A — p')/c- Again, choosing 5 > small such that 
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we obtain 

either A)||ioo([o4]«) < 2Ci or ||C/i(-, A)||i^([o,i]«) > 3Ci. 

Let tpris-ix) — ip{s — T,x) where r > and Ui_t denote the corresponding Laplace 
transform as in (|5TTi)) . (P?T5|) . By Lemma 1531 

||t^i,T(-, A)||ioo ^ as T — +0O. 

Since r |lC/i,r(-, A)||l=o is continuous we sec that 

||t/i,o(-,A)||i^ <2Ci. 

Then by Lemma lOl we obtain □ 

9. Proof of the main theorem 

In this section we prove Theorem ll.2[ by establishing a uniform estimate in W^^^ 
of V'e, the convergence of ipg to a function -0 satisfying the equation, and finally 
establishing that ip solves the full problem. 

Proposition 9.1. There is S > such that if tp^ is a solution of (|8.ip satisfying 
the normalization condition (j8.2[) . then for any for any 1 < p < oo and bounded 
open set D in R x there is a constant C independent of e as e — >■ such that: 

(9.1) Ue\\w^-^(D)<C. 

Proof. For simplicity we write ip = '4'e a-nd we use the notation ipxi = We 
differentiate the equation in (j8.1|) with respect to Xi and get 

(9.2) ctpsxi = e^-fpxi + [ip] - eiM[ips\ - -0^, + /„(a;, ^)iJxi + fxi {x, ip) 
where 

Mx,Wis,x) = / Jxiix - y)^{s + {y - x) ■ e,y)dy 
e = (ei, . . . , cn). We write this as 

ci^sx^ + (1 - fuix, 0))V^. eA^Px^ + M^JV] - e^M[^Ps] 

(9.3) +(/„(x,V)-/u(a^,0))V.. +/..(x,^). 
Let 1 < p < +00 and 6* > to be fixed later on. Then 

d / .p(i-/„(.,o)-e)/c|^ |p\ ^ P^spii-Mx,o)-e)/c^^^ ^ (1 „ y^(^^O) _ ) |^,Jf-V: 
as V / c 

Using (|9.3I) we obtain 

+ (/„(x,^) - /„(a;,O))0,, + /,,(x,7/') - ^Vx,) l^x.r"'^.,. 

We integrate now with respect to x over the period [0, 1]^ and estimate the terms 
on the right hand side. 

£|. f e^^'(l-^"(^'°)-'')/=|^.,rdx = /i+/2+/3 + /4 + /5 + /6 
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where 

"'[0,1]" 



/2= / e^f(i-/"(-'°)-'^)/^M,J^]|^,Jf-V..rf:E 

"'[0,1]" 

"'[0,1]" 
"'[0,1]" 
"'[0,1]" 

h = -0 f e''P(i-/"(^'°)-«)/'=|?/>^Jf da;. 
J[o,i]" 

Integrating by parts we can estimate 

J[o,i]" 

V (^e^rti-/.(-,o)-«)/c^ VV^.J^^.r-^V.. rfx 



— e 



[0,1]' 
[0,1]' 



c 

By Young's inequality 



<di^ / e^^'(i-/"(-.°)-^)/lV./„(x,0)||VV-..||V^..ridx. 



5 "'[0,1]" 

"'[0,1]" 

where C depends on 9 and ||/||p2. In a similar way 

5 J[0,1]" ' "^[0,1]" 

5 J[o,i]" "'[0,1]" 



[0,1]" "'[0,1] 



To estimate I4 we write 

/4<sup|/„(y,V'(s,y)))-/„(y,0)| / e^P(i--^"(-'°)-^)/=|^,. ^ dx. 
y "'[0,1]" 

We work with 6 > small so that from the normalization condition (|8.2p we get 

Q 

sup !/„(?/, - fu{y,0)\ < 7 for all s < 0. 

y 
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Then 



5 



[0,1]' 



Combining the previous estimates we obtain 

(9.4) -I- / e^P(i-^"(^'°)-«)/^|V.rdx 



<CsP\s\P [ e"f(i-^"(^>°)-^)/'=|V7/.^.|Pda; 

"'[0,1]" 
"'[0,1]" 

J[o,i]" 



+ C / e*P(i-^"("'°)-^)/^|/,,(x»|Pdx 

J [0,1]" 

Let to < t < 0. We integrate with respect to s over [^o,^] and then let to 
By (|8.5p . given any < A < Ae(c) there is C such that 



gsp(i-/„(.,o)-e)/c|^^^(^^^-)|P^^ 

[0,1]" 



(9.5) 



- ( exp(sp(l - fu{x, 0) - 61 + Ac)/c) da;. 



We choose now A and 9 as follows. We fix a large Ao > 0. We note that since 
is a principal periodic eigenfunction 0a £ C'per(K^), 0a > for 

* 0A - 0A + /«(a:;, 0)(?!)A + /iA0A = in 

we must have 

7 = inf inf (1 - /„(x, 0) - ^a) = inf inf "^^^ f ^^""^ > 0. 

Ae[0,Ao] a:GM" / r / AG[0,Ao]xeR" 0A(a;) 

Since — ^ /^a as e ^ 0, for e > sufficiently small 

inf (l-/„(x,0)-A^e,A) >7/2>0. 



and since for A = Ae(c) we have Ac = —i-i^.x we get 

Ae(c) >Tr+ sup . 

Take A > such that 

(9.6) sup h — < A < A£(c) - — . 

a;GR" C 4c 4c 

Then choose 6' = 7/8 > and get 

(9.7) inf fi-^^i^lt^ + .Uo. 

Then from (|9.5p we obtain 

/ e^P(i-^"("'°)-^)/'=|^/',.(s,2;)|Pda; < -^eP"^ Vs < 0, 
J[o,i]" e'P'^ 
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and therefore 

(9.8) lim / e"f(i--^"'^'°)-'')/"|V.;,(s,a;)|f d2::=:0. 

'[0,1]" 



Integrating (|9.4p in [to,t] with to < t < and using (|9.8p we obtain 



(9.9) 
where 



Ki = CeP \s\P e''P(i-^"(^'°)~^)/'=|VV':.,rda;cis 

J-oo "'[0,1]" 

K2 = C f f e''P(i--^"(^'°)-^)/^|M^JV]rrf2;ds 

J-ooJ[0,l]« 
J-oo J[0,1]« 

Ki = C f f e*P(i-^"("'°)-^)/^|/,,(x,V)rrf:r(is 

J-oo J[0,1]" 

Next we claim that Ki,K2, K^, K4 remain bounded as e — ^ 0. Indeed, by (|8.6p and 
(EID, 

gsp(i-/u(2;,0)-e)/c|y^^ |P ^ g*p(i-A,(^,o)-e)/c|y2^|p 

~ eP - eP ' 

for s < 0, 1' e with C independent of e (note that Vi/'a;. is a second order 
derivative of Therefore A'l is bounded as e — 5- 0. The other ones can be 
bounded similarly, using (|8.3p . (|8.4p and the hypotheses /(a;, 0) = 0, / S C'^ which 
imply 

1^.(2:, m)| < Cu forO<u<(5 



for some C. Thus from (|9.9[) we deduce that there exists C independent of e for e 
small such that for all s < 

(9.10) / e''P(i-^"(^'°)-^)/'=|7/.^.(s,x)|Pda; < C 

"'[0,1]" 



This together with (|8.4p proves the estimate (|9.ip for any bounded open set D C 
(-00, 0) X R^. To obtain ((9?T|l for any bounded open set C M x we proceed 
similarly as before. We multiply (|9.2p by ji/'a:; [^"^V'aji a-nd integrate over [0,1]^. 
Using that has a uniform upper bound we obtain 

d 
ds 



[0,1]" ' "'[0,1]" 



Then, using Gronwall's inequality we deduce for s > 

\ip^^{s,x)\P dx<e^'' [ \ip^^{0,x)\Pdx + C. 

[0,1]" "'[0,1]" 
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Since by (|9.10p we have a uniform control of the form Jj^ \ipXi{0,x)\P dx < C, 
we obtain that for all i? > there exists C > independent of e such that 

/ \ijx^{s,x)\Pdx <C foran|s|<i?. 
J[04]« 

Using this and (|8.4p we obtain the estimate (|9.ip for any bounded open set D C 
R X M^. □ 

Lemma 9.2. If c > c* there exists a function ip : M. x which is in s and 
Lipschitz continuous and satisfies 

(9.11) c^s = MM - V' + /(x, tA) Vs G R, xe R^ 

and 

lim ip{s, x) = 0. 
Furthermore ip > is periodic in x and non- decreasing in s. 

Proof. Let c > c*. If c > c* then c > c*(£) for e > small and we let, for small 
e > 0, ipe he the solution constructed in Proposition 16. II with speed c. If c = c* we 
let Ipe be the solution constructed in Proposition 16 . 1 1 with speed = c*(£). In any 
case we have a solution of (|6.ip with speed — > c, satisfying also 
Let J > be from Lemma 19.11 and shift in s so that tp^ satisfies 

max ipeiO, x) = S. 

XG[0,1]" 



Then, choosing p > in Lemma 19.11 we can find a sequence £„ — > such that 
^pen ~^ ^ uniformly on compact sets. Using this local uniform convergence we see 
that the function -0 satisfies (|9.1ip in the following weak form 

/CO f' f'OO f' 

/ ipLpgdxds— / / {M[ip] ^ ip + f{x,ip))(p dxds 
-ooJ[oa]" J-ooJ[oa]" 

for all iy9 : R X R^ — > R smooth periodic function with compact support. This 
implies that ip is in s and satisfies (|9.1ip classically. Since ip^ is non-decreasing 
in s and periodic in x we deduce that ip is also non-decreasing in s and periodic in 
X. Moreover, by Proposition 18.11 if we take < A < Ac we have ipi;{s,x) < Ce^'^ 
with C independent of e. Letting e ^> we find the same inequality for ip and 
hence lims_>_oo ^(s, x) = 0. 

Finally, we prove that ip is Lipschitz continuous, which follows the same lines of 
Proposition 16.11 so we point out the main steps. Let bi, i = 1,. . . ,N denote the 
canonical basis in R^. Given /i 6 R we define 

DliP{s,x) = ^tl^^^±^^^^^^^. 

We choose A, 6*, cr > as in (j^ . (PTT)) so that 

(9.12) g2.(i-/„(^,o)-e)/c < g2.(a-A) (zR^, s< 0. 
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Then we compute 

d / 2.(l-/„(.,0)-e)/cp^^)2\ ^ 

OS \ ) 

c V 

+ Dl!{; ^(s, X + hh)) - QD^.i^D^i, 

where e = (ei, . . . , cat), 

Mi[g]{s,x)= g{s + [y - x) ■ e,y)dy 

ip'^is, x) = iIj{s — Cih, x) 

. . jjjs+T, X) -i^is,x) 

DsV{s,x) = , 

T 

and ?/'(s, x) hes between -0(s, x) and "0(5, a; + hih). From here we deduce 

g2.(i-/„(.,o)-e)/c|^^,^^.[^,hp ^ M[i?7^'V]' + {D'lf{-,i;{s,x + hh)))'' 

Using the exponential decay ip{s,x) < Ce^'^ for all s < and all x G M^, and a 
similar one for ips (c.f. (|8.4p '). we deduce from this and (|9.12p that 
d_ 

Integrating from —oo to s < 0, we conclude that there exists C independent of h 
such that 

\D^'ip{s,x))\ < Ce^-\ Vx G M^, V.s < 0. 
This proves that "0(5, •) is Lipschitz continuous for all s < 0. An argument similar 
to the one at the end of Proposition 16.11 shows that it is also Lipschitz continuous 
for aU s e R. □ 

We now prove the exponential convergence 0(s, x) — > p{x) as s — ?> +oo, uniformly 
in a;, by constructing appropriate subsolutions. 



^ |^g2s(l-/„(.,0)~e)/cph^)2^ < ^^2.s 



Lemma 9.3. Let he the function constructed in Lemma \9.2\ Then there exists 
C, (7 > such that 

< pix) - 0(s, x) < Ce-'^" for all s > 0. 

In particular 



lim -0(5, x) = p{x) uniformly for x G 

s— >+oo 



Proof. First we note that 

ip{s, x) < p{x) for ah s G R, x e M^. 

Next we show that ip{s, x) — ?> p{x) as s ^ +cx) uniformly for x G R^. For this 
we will prove that there exists £o > such that for any < mo < 1 there is sq G R 
such that 

(9.13) ^e{s,x) > moPe{x) for aU x G R^, s > sq, < e < Eq. 

The value sq depends on mo but not on e. 
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Recall that we have normalized by 



max ip^iO, x) = d 
ce[o,i]" 



where (5 > is from Proposition 19. II By Lemma [92] 

— !• -0 as £ — > 

uniformly on compact sets of M x M^. Since -0 > in x R and is continuous 
we see that that there is eg > and a > such that for < e < Eq 

^^(O,^) > 2ap,{x) Vx G M^. 

Note that a < 1. Then we also have 

'ipeis,x) > 2ape{x) Mx e R^, s > 0, 

because ipei-^x) is non-decreasing. 

Given a<m<l, R>1, we construct a family of functions 

where 

(772 — CL) S 

A™(s) =a + ^——J-{1 - ij{s - R)) + (m - a)ri{s - R) 
rC + i 

and 7/ G C°°(R) is a cut-off function such that ?y(.s) = for s < 0, 77(5) = 1 for 
s > 1, < 7? < 1 and < 77' < 2. Note that a < A„(s) < 777 for all s > 0. 

Fix < TTT-o < 1 and let a < 777 < ttiq. It can be shown that we can choose R > 
large enough, independently of e, so that v,n satisfies 

eAv„i + M[v„i] - U,n + fix, V„i) - c{Um)s > 

for s > 1 and x G K^. 

Using a sliding argument we obtain that a < m < mo 

A > v,n for all s > 1, X £ [0, 1]^. 

Using this inequality with 777 = 7779 we establish (|9.13p . Letting e — we the 
deduce that 



lim Tp(s,x)=p{x) uniformly for a; G 

s— ^+00 



Finally, let us show that there is exponential convergence. For this we construct 
a subsolution Wm with this property. Indeed, let cr > to be fixed shortly and 
< 777 < 1. We set 

Wmis, x) = 77i(l - e"'^^)p(a:). 
Choosing Sq large and a > small we obtain that 

M[Wrn] - Wm + f{.X, Wm) - c{Wm)s > in [Sq, +Oo) X . 

Let Si be such that 

ij{s,x) > (1 - e-'"(^«+i))p(a;) Vs > ^i, x G M^. 

This can be done because we know that 7/1(5, x) — > p{x) as s ^> +00 uniformly for 
X G R^. 

Using again a sliding argument we can prove that 

"0(5, x) > Wm{s + So — Si,x) \ls > Si, X G R^ 
and all < 777 < 1. Letting 777 — >■ 1 we find 

ij{s, x)>{l- e-'''^''+'^°-^'^)p{x) for all s > sq, a; G R^, 
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which finishes the proof of the lemma. □ 

Remark 9.4. The limit p{x) = hms_>oo a;) exists by monotonicity, but we can- 
not assert that it defines a continuous function ( we have not proved uniform conti- 
nuity of'ip{s,x) as s ^ oo). One could then argue that p is a bounded measurable 
solution of the stationary problem and that Theorem \l.l\ also asserts the uniqueness 
of this solution. This would yield pointwise convergence lims_j.+oo ipi^, x) = p{x) 
for all xeR^. 

Lastly, to finish the proof of Theorem II .21 wg prove the non-existence of front for 
speed c < c*. 

Lemma 9.5. Let J and f satisfy (|1.3p and (|1.4p and let e G be a unit vector. 
Assume fiQ < and that there exists (f> G Cper{R^), (f> > satisfying (|1.7p . Then 
there exists no pulsating front {'>p,c) connecting and p{x) in the direction e so that 
c < cl. 



Proof. Assmne by contradiction that there exists a pulsating front ?/; with speed 
c < c* . Then up to a shift -0 is a supersolution of the parabolic problem for 
any initial data uq > so that 

supuo < minp(x), liminf inf ito > 0, Mo = for x.e « —1 

R" r-s- + oo x.e<r 

Let u be the solution of the parabolic problem (jl.ip with initial data mq satisfying 
the above condition then by the maximum principle, we have for all (t, x) G x 

u{t, x) < ip(x.e ct + tQ,x) 

for some fixed tg- From Shen and Zhang results, Theorem C in [56], since c < c* 
we have 

liminf inf [u[x,t) — p{x)) = 0. 

t->+oo x.e-\-ct>0 

Thus we get the following contradiction 

< li 

t 

< {i;{to,x)-p{x)) < 



= liminf inf (uix.t) — p(x)) < liminf inf NAx.e + ci + tn.x) — p(x)) 

t-f-\-oo a;.e+ct>0 t-i+oo x.e+ct>0 



□ 



Appendix A. Uniform estimates for solutions some regularized 

PROBLEMS 

In this section we prove Proposition l6.5l The estimates in this proposition divide 
naturally in 2 parts, one consisting in energy type estimates, and the other one are 
Schauder type estimates. 

Proof of Proposition [6751 i). We proceed as in Lemma 2.5 in [9]. Let us denote 
0K,e the solution of (|6.9p . Then multiply equation (|6.9p by dgipn^e and integrate 
over [-R, R] x C where C := [0, 1]^. Then it follows that 
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J\-B.,R]xC J\-R,R]y.C J\- 



,R]xC J[-R,R]xC J[-R,R]xC 



-R,R]xC J[-R,R]xC 

Excepted the term I := ^^_^^T^^^dsi}K,e{M'4'K,e — '4'K,e)- all the term can be 
estimated as in the proof of Lemma 2.5 in so we only deal with I. 
A simple computation shows that 

-R,R]xC '^Jl-R,R]xC JC 

So it remains to compute 

J[-R.R]xC 

Let us denote Ck ■= k+C where k G Z^. With this notation, using the periodicity 
in X of the function i/^^.e we have 

M'ipK,e=Yl / Jix-y)'^i^.eis + {y-x).e,y)dy 
Now using integration by parts it follows that 



- / ^ J{x-y-k) j x)5s?/'„^e(s + (y - a-).e + fc.e, y). 



Let us make the change of variable t = s + (j/ — x).e + k.e in the last term of the 
right hand side. Then we have 



R. 

CxC J -R 



J{x -y - fc)V'K,e(s,x)5s-0K,e(s + {y - x).e + k.e,y) 

R+{y—x).e+k.e 



n pl-i+{y—x}.e+li.e 

= ^J(x-y-fc)/ ipf^^.^T + {x - y).e - k.e,x)dsipf,^e{T,y) 

JcxCf,^^N J -R+(y-x).e+k.e 

Let R oo. Using that V'k.e ^ Pe respectively as s — > ±00, t/j^.e > 0, dsipn.e ^ 
we obtain 

(A.l) / ds^^^e^^.e ^ I f pI 



xC 



2 
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and 



JRxC JCxC i^^j^N 

r r+oo 

- ^ Jix-y-k) tp^^^{T + {x-y).e-k.e,x)dsi},^.e{T,y). 

Going back to the definition of M^j^.e and using the symmetry of J we can rewrite 
the above equaUty the foUowing way 

jRxC JC JRxC 

Thus we have 

/ ds1pK.,6Mlp^^^ = - / J *Pe{x)pe{x)dx. 
JRxC ^ JC 

Set J(x,y) :— X^feez" "^(-^ — y + k), the the above equahty rewrites as follows 
(A.2) / dsip^^eMiP^^e = \ I [ J{x,y)pe{y)pe{x)dydx 



xc 2 jc JC 



Finally, combining (jA.ip and (|A.2|) . we obtain 



ds^^,e{M^.,e - V'^.e) = -7 / J{x,y){p,{x) -pMfdxdy. 



xC 4 JcxC 



Hence, 

|9.V'K.eP = -^ / IV.p^r-i / J{x,y){p,{,x)-p,{y)?+ I F{x,Pe) 



IxC 

which proves (i). □ 

Proof of Proposition [675] ii). Let /C be a compact set of K x R^. Then since 
K. is bounded, there exists n G N and i? > so that K, C {—Ro,Rq) x nQ where 
g:=[-l,l]^. 

Let us denote £{u) the following energy on the set of periodic function 
^(«)--| / NM^-] I J{x,y){u{x)-u{y) f+ f F{x,u). 



From (i), there exists R G [Ro, Rq + 1] so that 

(A.3) c Jjd,^P^^,\\R) < £{p,) 

Let us now multiply (j6.9p by t/i^.e and integrate over (— i?, R) x Q. Then we have 



(-fl,i?.)xQ J{~R,Fi.)xQ 



(-fl,i?.)xQ J(-R,R)xQ 

Therefore since ipK,e is uniformly bounded and periodic in x we have, 

|V,VK,e|' = 27(i?) 

{-R,R)xQ 
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where 



' '- J{~R,R)xC 



'{-R.R)xC J{~RM)xC 

Since < ■f/'^.e < Pe, ds'4'K,,e ^ and / is uniformly bounded, using Cauchy- 
Schwartz inequality it follows that 

l{R) < \c\ [ pi + K [ pI [ |aW^.,e|'(i?,a;)+2i? / {J * p,)p, + 2R\\,f\\oo I Pe- 

JC Jc JC JC JC 

Thus, since c > by (jA.3[) we have 

7(i?) <\<^\j/e + I pI + '2Rjy* Pe)Pe + 2i?||/||oo ^ Pe- 

Hence the estimate (ii) follows by periodicity. 

□ 

The proof of Proposition 16. 51 iii) is based on the next 2 lemmas. The first one is 
a version of a result of [4] , on gradient estimates for elliptic regularizations of semi- 
linear parabolic equations. The result in |3] is based on Bernstein type estimates 
and is nonlinear in nature, while the estimates below have a linear character, and 
are based on a technique of Brandt [13] (see also [T31I33] and Chap. 3). 

Given i? > let 

Qr ^ {{t,x) e M. X R'^ : \t\ < R, | < i? Vi = 1, . . . , iV}. 
Lemma A.l. Suppose u e C^{Qr) satisfies 

AxU + eutt + ut = f{x,t) inQn 
where < e < 1, / G L°°{Qr). Then 

(A.4) \d,MO^ 0)1 < C^i^l^}} + 2) sup \u\ + f sup I/I 

for all i — 1, . . . , N , where C is independent of R, e. 

Proof. Let us write x = {xi,x') £ with xi eR, x' e R^^^. Define 

Q = {{t, xi,x') e M X E X M^^i : < a;i < i?, < 1 \/i = 2,...,N, \t\ < 1} 
and 

v{t^ Xi,x') = - {u(t, xi, x') — u{t, —xi^x')) 

for (t,a;i,x') G Q. Let us write 

Lv = AxV + evtt + Vf. 
Then L is an elliptic operator and satisfies the maximum principle. We have 

Lv{t, xi,x') ~ - {f{t, xi, x') — f{t, —xi, x')) for {t, xi, x') G Q 



and 



\v\ < sup |u| in Q. 
Qr 
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Let 

v{t,xi,x') = Axi{R-xi) + B{xl + \x'\^ +f) 

where 

^ = sup |m| 

and 

A^- (sup I/I + B{2N + 2e + 2R) 
^ \Qr 

With these choices we see that 

\v\ < V on dQ. 

and 

Lv < — sup I/I in Q. 

Qr 

By the maximum principle v — v > in Q. Similarly v + v > in Q and therefore 

|w| < V in Q. 

This implies 

\d,MO,0)\<AR 

and gives (jA.4[) for i = 1. The same proof replacing xi by any of the other variables 
X2t ■ ■ ,Xn yields (|A.4p . □ 

Lemma A. 2. Suppose u G C^{Q2) satisfies 

ut - - eutt = f{x, t) in Q2 

where e > and f £ L°°{Q2). Then for some < a < 1 there is a constant C 
independent of e such that 

\u{x,ti) - U{x,t2)\ ( I I I 

sup — <C sup|/|+sup|u| 

kl<i.ti.t2e[-i,i] |ri-i2| \Q2 Qi 



Proof. Let us write 



M = sup I/I + sup |m| 

Qi Qi 



By Lemma [A. II 

(A.5) sup |V:ru| < CM. 

Let e C^(M^) have support in the ball closed ball Bi of M^. Muhiplying the 
equation by uif> and integrating in B2 we find 

\d_ 

2dt 



( u^^dx-e^f uu,,dx + sf ul.dx^l \Vu\^^dx+f VuV^udx 

J B2 J B2 JQi J B2 J B2 



fuip dx. 

Integrating this from to to ti with — 1 < to < < 1 and using (|A.5p gives 



e d 
2di 



2 

a 

B- 



u (pdx 



+ - — 

t=ti 2 dt 



2 

a 

B- 



u (fdx 



+ s / ufipdx = 0{M^) 

t=to Jto 
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where O(M^) is uniform in e. Integrate now with respect to to G [1/2,2/3] and 
<i e [5/6,1]. We obtain 



1/2 



g{t)ufipdxdt = 0{Ar 



where g(t) is a continuous function which is positive in [1/2, 1]. Therefore one can 
always select G [1/2, 1], possibly depending on e, such that 



(A.6) 



Now multiply the equation by utip and integrate in B2, to obtain 



Uf (p dx 



B2 



2dt 



uf(p dx - 



B2 



ld_ 

2di 



|Vw|^(y5 dx - 



VwV(/3Ut dx 



dt 



fuip 



Integrating with respect to < G [—1/2, to] with to as above yields 



1/2 JB2 



uf(p dx dt 



ufip dx 



ta 



'1/2 



\'\Iu\^(pdx 



-1/2 Jb. 



VvSJipUf dx 



fuip 



to 



-1/2 



Using (|X5|) and (K^ we find 
(A.7) 
But 



[ [ ul(fdxdt+ [ VuVifiUtdx ^ 0{M^) 
J-1/2JB2 J B2 



VuS/Lput dx 



1 

< - 
~ 2 



\yu\'''-^dx + ]- 

if) 2 



(y9Mf dx 



One can select a function (/? > with support the ball < 1 and positive in |a::| < 1 
such that is bounded. So by (|X5|) 



VuS/Lput dx 



B2 



< 0(Af2) + 



(ySWj dx 



B2 



and integrating on [—1/2, to] we have 



VuV(/3Ut (tec dt 

-1/2 JS2 

This combined with (|A.7I) gives 

(•to 



< o(m2) + 1 



1/2 JS2 



Lpu^ dx dt. 



I I Lpuj dx dt < CM^ 
J -1/2 J B2 



1/ 

We may further restrict f such that <^ > 1 in the ball |x| < 1/2 ad deduce 



(A.8 



u? dx dt < CM^ 



Ql/2 



Let ti,t2 e [-1/4,1/4], with ti < tz. Let x e with < 1. Then 



u{x,t2) - u{x,ti) 



Ut{x, t) dt. 
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Now integrate this with respect to x in the bah of center xq, |a;o| < 1/4 and radius 
I {u{x,t2) — u{x,ti)) dx = / / ut{x,t)dxdt. 

JB{xo,r) Jtl J B{xo,r) 

By the mean value theorem there is some x G B{xQ,r) such that 

C f 

u{x,t2) - u{x,ti) = — / {u{x,t2) - u{x,ti)) dx 

JB{xo,r) 



and therefore, using (jA.8|) 

\u{x,t2) — u{x,ti)\ < I I \ut{x,t)\ dx dt 



C 



tl J B{xo,r) 

\ 1/2 



--^-^-JTH^ ( / / ut{x,tfdxdt 

B{xa,r) I 



< CM{t2 - ti)^/^ 
Since (|A.5|) holds we deduce 

\u{xo,t2) - u{xo,h)\ < CM{t2 - hY^^^^K 

□ 
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